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1 Numerical Solutions to Nonlinear Equations

1.1 Convergence: linear and with order p

Definition 1. A nonlinear equation F(x) = 0 where F;R? — R%: F = (f1, fo,..., fa)
with:

fl(x17$2,-~-,xd) =0

Ja(wr,29,...,24) =0

And each f; is nonlinear.
Remark 2.
1. It is hard to solve a nonlinear equation.

2. Nonlinear equations may have no solutions, for example:

f(z) =2 —42+5

3. Solutions may not be unique

4. Most nonlinear CANNOT be solved analytically.
Question 3. How do we solve numerically?

The Method: iterative Method

Definition 4 (Iterative Method). Set F(7') = 0 where F : R* — R%. We find a sequence
{Zn}nen such that x, — 2* and that F(z*) = 0.

Remark 5. The challenge is that does x,, converges fast enough?
Definition 6. Consider the little o and big O notation:

1. Little o notation: )
f(h) = o(g(h)) if 19|

—0ash—0



2. Big O notation:

f(h) =0O(g(h)) if there exists ¢,C > 0: |f(h)| < Clg(h)|, for all 0 < h < ¢

3. For sequences {a,}°°, and {£}5°,, we write a,, = o(f3,,) if % — 0 as n — oo.

4. For sequence {ay,}22, and {8}, we write «,, = O(f,) if there exists N,C > 0
such that |a,| < C|B,]| for all n > N.

Remark 7.

1. Big O means "is of the same order as”

2. small o means ”is ultimately smaller than” /converges faster than.

Definition 8 (Linear Convergence). Suppose a sequence {z,}>°, that converges to z*,
i.e., lim, o x, = x*, if there exists a p € [0, 1] such that:

[Tp1 — 2|

lim =p

n—oo |x, — T¥|

then

1. {x,}5°, converges to x* linearly with rate p for p € (0,1)

2. {x,}>2, converges to z* superlinearly when p =0

3. {z,}>2, converges to z* sublinearly when p =1
Example 9. For the following sequence:

1. z, =1+ 227" linear

2. Tpy1 = 27 "x,: superlinear

3. x, = %: sublinear

To see this, we check the following:

n n—oo

(a) Take the limit x,, = 1 + 22~ 1 = x*. Therefore:

*
. Tpt1 — X
lim —

n—0o Ly — x* n—oo 22—n 2

So converges to 1 linearly with rate %

n—oo

(b) Take the limit z,1; = 5% —— 0 = z*. Then

. . n .
lim = lim -2~ = lim — =0
n—oo X, — T* n—oo |x,|  n—oo 20

*
Tp41 — T

Therefore it converges superlinear.



(¢) Take limit z, = + 7% 0 = 2*. Then:

1

Tpy1 — T ntl _

*

lim = lim 1
n—oo XL, — T* n—co =
n

Therefore it converges sublinear.

Definition 10 (Convergence with Order p). If there exists a p > 1 and a C' > 1 such

that: .
I; |xn+1 -z | o

n—00 ’xn — x*|P
Then {z,}5°, is said to converges to z* with order p.

Remark 11. If {z,}°°, converges to z* with order p, then it converges to x* with order
g forall 0 < q<p.

Example 12. Consider the following sequence:

1 a
Tpy1 = §($n'+';—)

where a > 0. Show the following:
1. Suppose that the sequence converges, find its limit.
2. Show that the convergence order of {x,}°°, is 2.
The solution is as followed:

1. Suppose the limit is L, then:

1 a
L=—-(L+—
2( +L)
a
2L =L+ —
JrL
a
L=—
L
L=+/a

2. For the convergence rate:

e — val _ 3@t ) -V 1(E - 5
2, — v/al? B lzn — V/al? 2 [z, — V/al?

" 21, |z, — Val> 2z, 2v/a

Then z,, converges to \/a with order 2.

=c>0
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Figure 1: Bisection Method

1.2 Bisection Method

The key idea of this section is based on this theorem:

Theorem 13 (Intermediate value Theorem (IVT)). If f € Cla,b], and K is between
f(a) and f(b), then there exists a p € |a,b] such that f(p) = K.

Corollary 14. If f € Cla,b] and that f(a)f(b) <0, then there exists p € |a,b] such that
f(p) =0.

Question 15. How do we find that p?

Bisection method Idea: We "bisect” the interval [a,b] into intervals [a,b] =
[ag, bo] 2 [a1,b1] 2 lasg,by) 2 .... At each step, either a,.; = a, + b"ga” or bpyr =
b, + 25%. This is depends on the value of f(%25%). WLOG, say f(ag) < 0 and
f(bo) > 0. If f(%5%) > 0, then we set by = 25% and keep a; = ao. If f(%5%) < 0, then
we set a; = bo;““ and keep b; = by. Continue in this manner. Basically, the a,, are moving
to the right, and the b,, are moving to the left. So the length of |b, 11 — a,11| = %|bn — ay.

Note that
m[an, b,) =z

n

where f(z*) = 0. See figure for visual and figure for pseudocode.

Remark 16. Note that the pseudocode of Bisection Method already assumed f(a)f(b) <
0 and it only changes the left the value f(a), it checked f(a)f(p) > 0.



|
Bisection Method

Pseudocode of BM

Algorithm 1: Bisection method.
INPUT : endpoints a, b, tolerance TOL, maximum number of iterations Ny, function f
OUTPUT: approximate solution p or message of failure
Step 1: Seti=1;
Step 2: while i < N, do
Step 3: Set p=a+ (b—a)/2, FP = f(p);
Step 4: if FP =0 or (b—a)/2 < TOL then
OUTPUT(p)
STOP.
end
Step 5: Seti =i+ 1, FA = f(a);
Step 6: if FA- FP > 0 then
set a =pand FA=FP
else
set b= p.
end
end
Step 7: OUTPUT(*Method failed after Ny iterations’);
STOP.

[TARIVERSIDE

Figure 2: Bisection Method pseudocode

2 Day 2: Bisection Method, Fixed Point Iteration
and Newton’s Method

2.1 Error in Bisection Method

Since doing bisection method (or any numerical method), we are interested in error.

Definition 17 (Error of the Bisection Method). Consider a sequence {x,,}22; that con-
verges to x*, i.e., lim,_, x, = z*.

1. The absolute error between the true value (the solution) z* and the approximate
value xy is given by:
|z — 27|

2. If x* # 0, then the relative error of zj is given by:
|z — 27|
||

Theorem 18. If f € Cla,b] and f(a)f(b) < 0. The bisection algorithm generates
[an, 0,102, and the associated end points:

an + b,
Ty =
2
The sequences {a,}5,, {b,}°2,, and {x,}2, will all converge to a solution x* of the

equation f(x*) =0, and the following error estimate holds for the k-th approximate value
T

1
|z, — "] < §(bk —ay) = 27" D (h — q)



Proof. Recall the sequence of intervals:
[, b] = [ag, bo] 2 [a1,b1] 2 [az, b] 2 ... [an,bs] 2 ...

Consider the {a,}, this is an increasing monotonically sequence, and has an upper bound
bo. Therefore {a,} converges. Denote a* = lim,,_,oo .

Similarly, the sequence b, decrease monotonically and has a lower bound ag, so denote
b* = lim,,_,o, b,,. Then:

=0

) 1 . |aog — byl
* * _ - _ — — - -
o =1 Jim e = bl = Jim onss = bos = .. = Jim S5

Therefore a* = b*. Denote x* = a* = b*. Now note that:
an < x, < by

Taking squeeze theorem with lim,, ., a, = lim,,_, b, = z*, therefore lim,,_,, x,, = x*.
By Bisection method algorithm, we always have f(a,)f(b,) < 0, since f is continuous,
we have:

lim f(an) f(ba) = [f(z")]* <0

n—oo

Thus f(z*) = 0. Finally, since 2* € ())_;[an, bn] and z,, € [an, by] N [@nt1, bpia]:

|z, — 2% < |an+1—bn+1|:§|an—bn| =... \a, — by

= 2n+1

So we get the bound proof as needed. m

2.2 Fixed-Point Iteration

Definition 19 (fixed point problem). The number z* is a fixed point for a given function
g if g(z*) = z*. The problem of finding x* is such that g(z*) = x* is called the fixed
point problem.

Example 20. Consider g(z) = 2 — 2. Then g(—1) = —1, and g(2) = 2, so —1,2 are
fixed point of g.

Remark 21. The root finding problem is equivalent to a fixed point problem of
g(x), that is:
f@) =0<=g(x) =2+ af(z)

Theorem 22 (Existence and Uniqueness of a fixed point).

1. If g(z) € Cla,b] and g(z) € [a,b] for any x € |a,b] (g is called a contraction
mapping on [a,b]), then there exists a x* € [a,b] such that g(z*) = x*.

2. If, in addition, g € Cla,b] and there exists k € (0,1) such that |¢'(x)] < k < 1 for
any z € (a,b), then the fized point x* € [a,b] is unique.

Proof. First let’s look at figure for reference.



Figure 3: Fixed point theorem proof

1. For showing existence: With g(z) € Cla,b], and g([a,b]) C [a,b], show there exists
x* € [a,b] such that g(z*) = z*.
If g(a) = a or g(b) = b we found our fixed point at the end point. Otherwise, we
get g(a) > a and g(b) < b.
Let h(x) = g(z) — x. Then h(a) > 0 and h(b) < 0. Since h(x) € Cla,b], by IVT,
we get the existence of 2* such that h(z*) = 0. Therefore g(z*) = a*.

2. for showing uniqueness:
If 2*,y* € [a,b] with z* # y*, with g(z*) = 2* and ¢(y*) = y*.
Recall the Mean Value Theorem which said that, if it is differentiable on (a,b):

there exists £ € (a, b) such that f'(§) = —f(bz)):ﬁ(a)'

Use MVT between z* and y*, there exists £ such that ¢'(§) = ngjjiy*) = z:z =
This is a contradiction to |¢'(x)| < k < 1. Therefore z* = y*.

Thus we completed the proof of the theorem. O
Algorithm 23 (fixed point iteration). Find fixed point of g(y), i.e., g(z*) = x*.
1. Choose an initial guess xg

2. Generate the sequence {z,}2°, by letting =, = g(z,_1) for n > 1. If z,, — z* as
n — oo and g(z) is continous, then:

z* nh—{gox” = hm g(xn 1) = g(nll_{{)loxn 1) = g(x")

The stopping criteria is |z, — z*| < ¢

Theorem 24 (fixed point theorem). Let g(z) € Cla,b] such that g(x
x € [a,b] and g € C*(a,b). There exists k € (0,1) such that |¢'(z)|
€ (a,b). Then for any xo € [a,b], the sequence {x,}5°, defined by:

) € la,b] for any
<k <1 for any

Ty =9g(ry_1), n>1
converges to the unique fized point of g in |[a,b].
Corollary 25. The error bound in the fized point iteration follows:
|z, — ¥ < k" max{|zo — al,|zo — b|}

and
n

|z, — 27| < 1_

— Yn > 1
k|x1 zol|, Vn >



2.3 Newton’s Method

The goal: find the root of f(x) = 0.
Idea: Convert it to a fixed point problem. We use Local Linear Approximation.

Algorithm 26 (Newton’s Method Algorithm). Let f € C?[a,b], we need to find z*
such that f(z*) = 0.

1. Step 1: Choose an initial guess xy (note that f(zq) # 0).

2. Step 2: For n > 1:

f(xn—l)
f’(mn—l)

Ty = Tpo1 — forn>1

3. If the stopping criteria is met, then stop; else n < n + 1 go to Step 2.
The Stopping criteria is any of the following:
L |z, —xpq| <e

9. lenzonail o ¢ where p, # 0

|0

3. |f(zn)| <e

Question 27. Why does this have to be local? It need to be local, i.e., * need to
be closed to zy so that we can use Taylor expansion and get (if xg is too far, it might
diverge):

f(@*) = f(w0) (2" — x0) + o|z" — 20])
0= f(xo) + f'(0) (2" — 20)

I* ~ 1o — f(xO)
f'(o)
Which we then define z; := % and continue the same process and get x, = —Jf/(éll)).

Therefore we get the algorithm

e T T )
n

See the figure for graphical visualization of Newton Method,

Example 28. Consider f(x) = 22 — 3. Use Newton method to find root within accuracy
1073.

We get:

2 -3

n—1

f(xn—i-l) =Tn — 2 1

Recall the three (stopping) criteria:

L |y — 2| <e=1073

9. lm—tamil o — 1073 where p, # 0

|z

10



Figure 4: Newton Method Graphical

3. |f(zn)| < =10

We will use criteria (3)- |f(z,)| < e = 1073 for stopping criteria. Now with zy = 1.5,
we see that f(xg) = —0.75 so 3 = 1.75. Then we continue and get f(z;) = 0.0625
and so xg = 1.7321. Then f(z3) = 1.7041.10~* < 1073. So we stopped here and choose
Ty = 1.7321.

Theorem 29 (convergence of Newton Method). Let 2* € [a,b] be a zero of f € C?[a,b).
If f'(x*) # 0 and f"(x*) < oo, then there exists a 6 > 0 such that:

For all initial guess xo € (z* — ,2* + ), the sequence {x,} generated by Newton method
converges quadratically to x*,i.e., converges to x* with order 2.

Proof. Let x* be as in Newton method, that is, f(z*) = 0 and f’(2*) # 0. Consider:

@
A= )

Then note that ¢(z*) = x*. The Newton method is setting =, 11 = ¢(x,) forn =0,1,....
The first question we need to show is that x, —— z*.
Let p, = x, — x*, we need to show p,, — 0. First we get:

Prt1 = Tni1 — &5 = p(zn) — p(27)
= ¢ (&) (x, — 2*) , by MVT, for some &, in between z,, and z*

= ¢ (&) pn
So

Pn+1 /
|——1 = [¢'(&)]
Pn

We claim that this ratio |25 | = [¢/(&,)| < %, and then we can get lim,_, p, = 0. This
claim is true because of this calculation:

P L))

¢'(x) =1 (F)? (f'(z))?

11



Therefore
¢'(x*) =0, because f(z*) =0 and f"(z*) # 0 and f'(z*) # 0
Since ¢ is continuous, ¢'(z*) = 0, so there exists a § > 0 such that for all £ €
(z* — &,2* + &), we have |¢/(§)| < 3. This proved the claim.
Now we will show the convergence rate of order 2. By Taylor:

F) = Flaa) + F )@ = 2) + 56 = 2’
some &, between z* and x,
= F/@a) @ —a%) ~ f(za) = 5 (€)@ — 2,
since f(x*) =0
Then we divide by f’(z,) and get:

(@n = 2*) f'(xn) = fan) (&) (2" — 20)?

() 2f"(xn)

When taking n — oo, the term f(x,) — f(z*) = 0, therefore:
tns1 = __f16) | S0)
|2 — 22 2[f ()] 2| f' ()]

Therefore the convergence is of order 2. m

|=C>0

Remark 30. The limitation of Newton method:

1. The expression f(z) is unknown
2. f'(x) is expensive to compute

3. value of f may result long numerical calculation, so no f’ is available.

Remark 31. The Solution: Instead of f'(x,), we will find some g; such that g ~ f'(z,),
and g, is much easier to compute. This method is called the Quasi-Newton Method.

Definition 32 (Quasi-Newton Method). The formula is
f(@n-1)

Ty =Tp1 — —= forn>1
9n—1

where the g, =~ f'(x,).

2.4 Secant Method
Definition 33 (Secant Method). The g, will be calculated as
f(xn)'_'f(xnfl>

Tn — Tp—1

Gn =

And so we get:
Tpn — Tp—1
Tpil = Ty —
! f(xn)'_'f(xnfl)

Note that this method need 2 initial values zy and x;. See figure for pseudo code,
and see figure @ for an illustrative idea.

f(x,) forn > 1

12



Secant Method Secant Method
Xn = Xn-1

Xppr = X —————————f(x,)), forn>=1 Two initial points xy & x
i " fOg) = (1) " y :

To find a solution to f(x) = 0 given initial approximations py and p;:

INPUT initial approximations pg, p1; tolerance TOL; maximum number of iterations N.

QUTPUT approximate solution p or message of failure.

Step 1 Seti=2:
q0 = f(pa);
a1 = f(p1).

Step 2 Whilei < N, do Steps 3-6.

Step 3 Setp=pi —q(p1 —po)/(q1 —qo). (Compute p;.)
Step4 1If |p — p1| < TOL then

QUTPUT (p); (The procedure was successful.)
STOP.

Step5 Seti=i+1.
Step 6 Setpy=pi; (Update po.qo.p1-q1.)

qo =413
P1=p:
a1 = f(p).

Step 7 OUTPUT (‘The method failed after Ny iterations, No =", Np);
(The procedure was unsuccessful.)
STOP.

[T RIVERSIDE

Figure 5: Secant Method Pseudocode

Figure 6: Secant Method graphical

13



3 Day 3 and 4: Higher dimension methods- Newton
system and Steepest Descent Method

3.1 Newton Method for System of Nonlinear equations

The system is

Which is equivalent to:

Note the Jacobian equations:

0 0 0
@) =A@ + | L@@ -mn L@@ R+ + L@F Tt |+
81’1 81’2 8xn
And so we have the Jacobian matrix:
9f  0h ofi
X Ox1 Oxs " Ozn
F/(?)=<afl> =1 ...
o ) i Ofn  Ofn Ofn
Ox1 Oxs """ Ozn

Linear Approximation:
F(@) = F@) +F@E)T )+ ...

Therefore a similar argument like the one dimensional Newton method with the fixed
point of

G(T)="72 — F'(x)'F(z)
Definition 34 (Newton Method for system of nonlinear equations).

T = Tp_1 — F'(2p—1) " F(zp_y) for k> 1

@)= (5),

Example 35. Consider the system:

and the Jacobian matrix:

flr,y) =2r+2y—-1=0
g(z,y) =2y—ay+1=0

With the initial guess

We known the fixed point



The Jacobian matrix is:

of Of
Fay=(g 2)=(*"Y
99 99 -y 2—-x

We begin the iteration process:

1. With the first case

0
= (o)
We get the next iteration:
T =z — (F') ' F (o)
We get (noting that F(zy) = (=1 1)7):
(0N (2 0\ ' [-1 1o\ (-1 1
T1 = - == 1 = 1
0 0 2 1 0 3 1 —5

2. The next iteration (note that F(zy) = (=3 1)):

- (4)-(

3. Continue the process and get

(SIS
20N =
SN—

3.2 Some properties of Newton Method for System

Theorem 36 (Convergence of Newton Method of system). Consider F': Q C R" — R"
such that ?(?) = 0. If? has these conditions:

1. There exists an x* such that F(x*) =0

2. Jacobian F'(z*) is non-singular

3. F': Q — R™ is Lipschitz continuous with constant v, i.e., for all x,y € Q:
17 () = F'()| < vl =y

Then there exists K > 0 and § > 0 such that for all zo € Bs(z*), the sequence {xy}
generated by the Newton method (of system) satisfies x), € Bs(x*), and:

k1 — 2" < Koy — 27|, fork=0,1,2,...

That is, Newton method converges quadratically.

15



Proof. The proof used Fundamental of Calculus and Banach Lemma (38) and an-
other Key Lemma (39). For any ), € Bs(z*), we get:

T4l = T — F,(IBk)_lF(xk)
Then:
Tpy1 — 2% = 2 — 2° — F'(2) " F (23)

= F'(z3)7" {F(mk)(mk —a*) — (F(xx) — F(:p*))} note that F(z*) =0
= F'(z3)7" {/o F'(x)(zp — 2™)dt — /0 F'(z* + t(xp — %)) (2 — x*)dt] use Fund of Cal

- Py [ 1 (o) = P+ = 07)| (o = 27

Therefore taking the norm:

o — 7] < o) ] [ [F’<xk> ~ F(a* 4+t x*))} (v0 — 2|
P )

In the above, let’s take a closer look at the norm of the integral:
1
I <l — 27| / [F" (k) — F(a" + t(wy — 7)) | dt
0
1
< lzg — x| / Ywk — (" + t(xp — 2¥))||dt , since F is Lipschitz with constant -y
0
1
< o= [ 51 = 0o 2”
0
1 v 1 1
= 7|z — a:*HQ/ (1 —t)dt = — ||z — 2*||* (because / (1—t)dt =)
0 2 0 2
Therefore putting it back we get:
21 — 2" < QHF'(x*)*lH%HSCk —2|* = Ko — 27|

where K = [|[F'(x*)7|~. O

Theorem 37 (Fundamental Theorem of Calculus). Let f be differentiable in an open set
Q CR" and x* € Q. Then for all x € Q) sufficiently closed to z*, we have:

f(@) = f(a*) = / F(a® + 1z — 1))z — o)t

Theorem 38 (Banach Lemma). Let A and B be two n x n matrices such that B is an
approzimate inverse of A, namely ||[I — BA| < 1, then both A and B are non-singular
and:

1Al

d|B7Y < ——1
w15 T B

B
o
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Theorem 39 (Key Lemma). Under three conditions in the theorem of convergence of
Newton’s method, there exists a 6 > 0 such that Vx € Bs(x*), it holds that:

1F" ()] < 2I[F'(z")]|
1E" () Ml < 2] F'(2")

1 *\ — — * * *
SIE @) e = 27 [ < [IF@)] < 21 F' (@)l = 2|

3.3 Steepest Descent Method

Definition 40 (gradient). For g : R® — R, the gradient of g at x = (v, x5 ...x,)7 is
denoted by Vg(z) and is defined by:

Vo) = (L0 g @) )

Definition 41 (directional derivative of g at x in the direction of v). The directional
derivative of ¢ at x in the direction of v measures the change in the value of the function
g relative to the change in the variable in the direction v, it is defined by:

. g+ hv)—g(x
Dugla) o= iy 22 10) 510

Algorithm 42 (Steepest Descent Method).
Goal: Find a local minimum of g.
The idea is:

=v''Vg(z)

1. Step 1: Initial point x.
2. Step 2: Determine a direction from xy that results in a decrease in the value of g.
3. Step 3: Move a little from xy along this direction, get a new point x;.

4. Step 4: Repeat step 2 and 3.

The algorithm is summarized into:
T = Tp—1 — (lkflvél(l'kfl)

In which the Vg(xy_1) is the direction you should move to decrease g, and the «aj_; is
how much you should move. How we define this a? We first have Vg(xy_1), then we
need to find ay_1. See figure for pictorial illustration.

Algorithm 43 (Line Search). Line search (in SDM) is a strategy that first finds a
descent direction along which the objective function will be reduced, and then compute
a step size that determines how fast the point x should move along that direction:

We choose a1 so it loosely minimize g(zx—1 + aVg(xk_1)) over o € Ry.

Example 44. Use the steepest descent method with 2(® = (0 0 0)” to find a reasonable
starting approximation to the solution of the nonlinear system:

1
fl(ml,l'g, 1'3) == 3371 — COS(:C2;[;3) — 5 =0
falwr, 9, 3) = x% — 81(z2 + 0.1)2 +sinzs +1.06 =0
10m — 3
f3(w1, 29, 23) = "1 + 2073 + 7T3 =0
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®

Figure 7: Steepest Descent Method

Step 1: Convert the original root-finding problem to a local min finding problem.
We consider the function g<x17 T2, $3) = [fl ('Ih T2, $3>]2+[f2(x17 T2, $3)]2+[f3(x17 T, Ig)]Q.
Step 2: Then the gradient is

V9($1>332,96’3) = Vg( )

- (28030 @ + 2005 @) + 210 o)

8951
S0 @)+ 20 5 (0) + 210 G o),

21, <x>§—£<x> T 2f2($)g—£(w) n 2fl<x>§—£§<x>) — 2J(2)" F(a)

24 9fs

2f1(z)

Step 3: The initial point and its gradient (unit vector): For (% = (0 0 0)7, we have:
g(z9) = 111.975 and 2z, = ||Vg(z'?)||, = 419.554

Let
1
2z = —Vg(zV) = (-0.0214514, —0.0193062, 0.999583)"

20
where z is the unit vector.
Step 4: Find an approximated min of g on the curve from g(xg) to g(zo — z). We use
a quadratic polynomial to approximate this curve.
With a; = 0 we get g1 = g(z(? — a12) = g(2@) = 111.975. We also choose arbitrarily
let a3 = 1 so that:
g5 = g(© — a3z) = 93.5649

Because g3 < g1, we accept az and set ap = 5 = 0.5. Thus
g2 = 9(2'9 — ay2) = g(2@ — 0.52) = 2.53557

We now find the quadratic polynomial that interpolates the date (0,111.975), (1,93.5649),
and(0.5,2.53557). It is most convenient to use Newton’s forward divided-difference
interpolating polynomial for this purpose, which has this form:

P(a) = g1 + hia + hga(a — as)
This will interpolate the function

9(2” — aVg(z)) = g(z'” — az)

at oy =0, ap = 0.5 and a3 = 1 as follow:

18



To approximate a solution p to the minimization problem Step 9 Setop = a3/2;
82 = g(X — o2).

g(p) = min g(x)
XeR Step 10 Sethy = (g2 — g1)/az;

given an initial approximation x: hy = (g3 — g2)/ (o3 — er0);
) L R hy = (ha = ) /a3,
INPUT be: f bles; initial ti =iz ¢ ’; tol
TOL: m: nur:m ;:u;)be\;a;ai[e:lilon;:}iv-appmxlma onx = (xy ) siblemnce (Note: Newr_tm s forward divided-difference formula .i‘S used to find
the quadratic P(a) = g| + hya + hsa(a — ay) that interpolates
OUTPUT  approximate solution x = (x|, ..,x,)’ or a message of failure. h(e)ata = 0,0 = oy, @ = @3.)
Step 1 Setk=1. Step 11 Setay = 0.5(ay — hy/h3);  (The critical point of P occurs at aq.)
Step 2 While (k < N) do Steps 3-15. 8 = g(x — az).
Step3 Setg =gxi,..., x); (Nore: =g (x(k)) ) Step 12 Find o from {a, o3} so that g = g(x — @z) = min{go. g3}.
z=Vgx,...,x); (Note:z=Vg(x®)) Step 13 Setx =x —wz.
20 =11zl Step 14 If|g — g1 < TOL then
Step 4 If zg = 0 then OUTPUT (‘Zero gradient’); OUTPUT (x, ..., Xs 8)5
OUTPUT (x1,..., Xns 81)5 (The procedure was successful.)
(The procedure completed, might have a minimum.) STOP.
STOP.
Step 15 Setk=k+1.
Step5 Setz=1/z; (Makeza unit vecior) . ) .
o =0; Step 16 OUTPUT (‘Maximum iterations exceeded’);
@ =1; (The procedure was unsuccessful.)
g = g(x—ann). STOR: "

Step 6 While (g3 > g1) do Steps 7 and 8.

Step 7 Seto; = w3/2;
g1 = g(X —a3z).
Step 8 Ifas < TOL/2 then
OUTPUT (“No likely improvement’);
OUTPUT (xi,..., X 81);
(The procedure completed, might have a minimum.)
STOP.

Figure 8: steepest descent pseudocode

1. ay =0: the g = 111.975

2. as = 0.5 and g = 2.53557 and h; = 2= = —218.878

a2—o]
3. ag =1 and g3 = 93.5649 and hy = £=22 = 182.059 and hg = 2= = 400.937

Thus
P(a) = 111.975 — 218.878c + 400.937c(cv — 0.5)

We use P'(a) = 0 and solve for a = ap = 0.522959. Since gy = g(z*)) Now once we found
this ag, recall that we need to find the min value of the polynomial P, so we evaluate
go = g(x® — agz) = 2.32762 and this value gy is smaller than g, and gy, so we will this
g and get our next iteration:

e =20 — a5z = 2@ — 0.5229592 = (0.0112182,0.0100964, —0.522741)"

and
g(zM) = 2.32762

Algorithm 45. The pseudocode is found in figure .

4 Day 5: Numerical Linear Algebra
The main idea are to:

1. Find 7 such that A7 = ?

2. Find (A, @) such that AT = A b
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4.1 LU Decomposition
4.1.1 Gaussian Elimination

Definition 46 (Gaussian elimination). Gaussian elimination is a process to reduce a full
n X n system of equations:

a11T1 + a12T9 + ...+ Aip = bl

2121 + 29X 9 + ...+ aA9n Ty — bQ

Ap1%1 + Ap2T2 + . .. AppTy = bn
into an upper diagonal system of equations:

a11T1 + a2 + ... + AppTy = b1

&225[’2 + ...+ CNLQnJZ'n = bg

Gaussian elimination is equivalent to:

aj;p a2 ... Qi a1; Q2 ... Qaip

a21 Q29 ... QA9pn 0 A929 ... Qop
A=| . =

An1 QApy .. Qpn 0 0 ... Quwm

Example 47. Perform Gaussian Elimination of A where

111
A=12 4 4
3 5 7
First we change:
RQ < R2 — 2R1

Notice the coefficient 2 in front of the operation of R;, and we always want to keep —
sign in between. This is a change from R, related to R, so we get a coefficient ly; = 2
(which we will use later in the lower L matrix):

1 1
A= 10 2
35

~N N =

Next we would like to get the first entry in the third row to zero, and we perform this

operation:
Rs <> R3s — 3R;

Again, notice the coefficient 3 in front of the operation of R, and we always want to keep
— sign in between. This is a change from Rj3 related to Ry, so we get a coefficient [3; = 3
(which we will use later in the lower L matrix):

1 1
A= 10 2
0 2

=N
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Next we would like to turn entries ags into zero, and we can do this by:
Rg g Rg — ( 1)R2

Again, notice the coefficient 1 in front of the operation of Ry, and we always want to keep
— sign in between. This is a change from Rj related to Ry, so we get a coefficient [35 = 1
(which we will use later in the lower L matrix):

1 1
A= 10 2
0 0

N DN

which is now an upper diagonal matrix.

Definition 48 (LU factorization). Let A be an n x n matrix. If all n leading principal
minors:

a1 arig ... Qg
21 Q22 ... Q2

Ay = : — | k=12..n
Q1 Ay ... Ak

of the n x n matrix A are non-singular, then A will have an LU factorization:
A=LU

where L is a lower triangular matrix with 1 as its diagonal entries and U is an upper
triangular matrix.

Remark 49. An LU factorization is not unique. There are infinite possible of L and U
matrices.

Remark 50. Note that the matrix obtained in the Gaussian elimination process is al-
ready an upper triangular matrix and we had our U in the LU factorization. To find the
L, there are many ways:

1. One way is that we can assume the remaining elements in L (besides the zeros and
ones) are artificial variables, then make equations A = LU and solve for this to find
the artificial variables. However, in this course, we will not use this method.

2. The other method is the multiplier coefficients that we obtained when doing Gaus-
sian elimination will be the entries in the L matrix (the [;;). This is the method we
will use.

Example 51. Perform LU factorization for A where:

1 11
A=12 4 4
3 5 7

In the Gaussian elimination example, we already get out upper triangular matrix:

U:

o O =
SN =

1
2
2



Now for the L matrix, we also got from the Gaussian elimination example the entries
loy = 2, I31 = 3 and [3, = 1, hence the lower diagonal matrix is:

1
L=12
3

e )
_ o O

Now that we are able to do LU factorization, what does it help?

Example 52. Find @ = (21 25 x3)7 such that:
111\ /= 1
2 4 4| (]| =3
3 5 7 T3 )

We know that A = LU, so Ar = ¢ where ¢ = (1 3 5)T is the same with LUz = c¢. We
first try to solve for y = (y1 y2 y3)T such that Ly = c. (Note that y = Uz):

1 0 0\ /u 1
2 10| |y =13
3 1 1 Ys )

This gives y1 = 1, 2y +yo = 3 and 3y; +y2 +ys = 5. So yo = 0 and y3 = 1. So
y=(101)". Next we solve Uz = y:

1 11 1 1
0 2 2 ol =10
0 0 2 T3 1
This gives 203 =1, 1 + x5+ 23 =1 and 229 + 223 =0,s0 vy = 1, x5 = —% and z3 = %

Algorithm 53. For computer to do this LU decomposition, we have the following pseu-
docode:
To factor the n x n matrix A = {a;;}:

1. INPUT: dimension n, the entries a;; of A, the ly; = los = ... = ,,,, = 1 of L diagonal
matrix.

2. OUTPUT: the other entries in L and the entries in U.
The steps are:
1. Step 1: Initialize L to an identity matrix, dimension n x n and U = A
2. Step 2: Fort=1,...,n do step 3
3. Step 3: For j=it+1,...,n do step 4-5:
4. Step 4: Set lj; = Z“

1%

5. Step 5: Perform U; = (U; — [;;U;) where the U;,U; represent the i and j rows of the
matrix U respectively.

Algorithm 54. Python/Numpy immplementation:
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def 1u(A):

#Get the number of rows

n = A.shape[0]
U = A.copyQ)
L = np.eye(n, dtype=np.double)

#Loop over Tows
for i in range(n):

#Eliminate entries below 7 with row operations
#on U and reverse the row operations to
#manipulate L

factor = U[i+1:, i] / U[i, i]

L[i+1:, i] = factor

U[i+1:] -= factor[:, np.newaxis] * U[i]

return L, U

Algorithm 55. A details pseudocode:

1. Step 1: Select [y; and wuqq such that ljyu;; = 1. If lj3u1; = 0 then OUTPUT
"Factorization impossible’; STOP.

2. Step 2: For j =2,... n: set:
o Uy; = 725 (first row of U)
o lj; = ;& (first column of L).

3. Step 3: For i =2,...,n—1 do step 4 and 5:

a) Step 4: Select l; and wy; satisfying l;u; = a;i — i_:l Ligtri. I li;u; then
k=1
OUTPUT ’Factorization impossible;. STOP.

(b) Step 5: For j=i+1,...,n:
o Set Ui = i {aij — Z;‘;:ll lzkuk]:| (’Lth row of U)
o Set l]'l' = UA“ |:Clji - ZZ_:ll ljku;m} (Zth column of L)
4. Step 6: Select l,,,, and u,,, satisfying l,,u,, = ann_ZZ;i Laktgn (Note if 1, = 0,
then A = LU but A is singular)

5. Step 7:

o OUTPUT: [;j for j=1,...;iandi=1,...,n
e OUTPUT u;j for j=1,...,7andi=1,...,n
e STOP
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4.2 LDU Factorization
Definition 56. The LDU factorization of an n X n matrix A is A = LDU where:

e L: Lower triangular matrix with 1 diagonal
e D: diagonal matrix
e U: Upper triangular matrix with 1 diagonal.
Remark 57. While the LU factorization is not unique, the LDU factorization is unique.

Algorithm 58. To find the LDU factorization from the LU factorization, we do as
follow:

Suppose A = LU. Then we will set:

D = diag(U)
Then we find B
U=D'U
And we get: )
A=LDU

Example 59. Find LDU factorization of

1 11
A= 4

W DN
[S2 0NN
-3

We know that A = LU where

~
I
~
W DN =
)
_ o O
SN—————

and

So the digonal matrix is

]
\}
]

h

|
~ ~

o O =

(el NI

DN DN =
v \/

Therefore we get :

/10 0\ /111 111
U=D'U=(0 1 o0fl0 2 2]=(011
00 i/ \0o0 2 001

Then A = LDU is the LDU factorization of A.
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4.3 LDLT factorization for A = AT

In the case that A = AT, that is, matrix A is symmetric, we have the LD L factorization.

Definition 60. The LDL”T factorization of an n x n symmetric matrix A = AT is
A = LDL" where:

e [ is lower triangular matrix with 1 diagonal
e D diagonal matrix

This is because when we get A = AT, the usual LDU factorization gives:
1. A= LDU so AT =UTDTLT =UTDL"

2. Comparing A = AT gives:
LDU =U"DL"

By uniqueness of LDU factorization, we must have: L = U’ and U = L*. Therefore
A=LDLT.

5 Numerical Linear Algebra (continued): SPD Ma-
trices

5.1 Cholesky Factorization

Definition 61 (symmetric positive definite (SPD)). A matrix A is said to be symmetric
positive definite (SPD) if A = BB” for some nonsingular matrix B.
Equivalently, A is said to be symmetric positive definite (SPD) if A is symmetric
and:

vTAx >0, Vo #0

Definition 62 (Cholesky Factorization). The Cholesky Factorization of an n xn SPD
matrix A is LLT where L is a lower triangular matrix.

Remark 63. The diagonal entries of L in the Cholesky Factorization is not necessarily
all 1 (Not like the entries of L in LU factorization).

Proof. A is SPD. Recall we can have A = LDU uniquely. Because A is symmetric, we
also have: AT = (LDU)" = UTDLT, and since A = AT, so LDU = UTDL”. Because
LDU factorization is unique, we must have L = U? and U = L*. Therefore, we can
write:

A=LDL"
Denote D = diag(d; ds...d,). We next will show all d; > 0.

Consider 77; = (L7)~ 1_>z Because A is SPD, we get ZTAZ; > 0, applying to this
particular @; = (LT)~!

0< 2ZTA7, = ¢, (L HALY) '€

G
= ¢ L YHYLDL (L") 'e;
=7

™D, =d;
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Since all the diagonal d; > 0, we can take its square root, denote D = diag(\/d; ... \/d,,).
We also note that D = (D)?. Now:

A=LDD'LY = (LD)'(LD)T = LL”

where L = LD is a lower triangular matrix. O]

5.2 Power Method
Let A be an SPD matrix. From theory, there exists eigenpairs {(vg, Ax)}7_; such that

A’Uk = )\kvk
Assume that {v;} forms an orthonormal basis. In addition, also assume that
|A1] > | Aa] > ... > [\

The power method will depends on the largest term |Aq].
For any 7, we can write:

? = Zakﬁk

Then:

A? Z A?k Z ak)\kﬁk
k=1
If a; # 0: (note that A7 = Sr_ g A" y):
Am? _ ZZ:I Oék/\;cnﬁk
AT = e

ma(s)

This is because when m — oo, the term (’\—1’“)’” goes to zero except k = 1.

1. Power Method I: Consider
<Al’k, l’k>

T = Axp_y, g =
<'rk7'rk>

2. Power Method II: Consider:

w
wy = Axp_1, pp = (Axg, Tg), T = Hw—ZH
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5.3 QR Factorization

This is a way to find all eigenvalues simultaneously.

Definition 64 (QR factorization). A QR factorization is such that A = QR, where Q
is orthogonal ,i.e., Q7 = Q! and R is upper triangular.

Definition 65 (Gram-Schmidt Process). Let A be an n x n matrix. We will factor A
into:

M1 Ti12 ... Tin

0 T99 ... Topn
A=laaz...an) =l g .qa] | . .

0 0 ... ap

where 7;; = g;.a; = ¢} .a; and r; = ||v;|| and the algorithm is:

U1
V2
Vg = Qg — <C]1,Q2>Q17 q2 = _||U2||
k—1 v
k
ve = ar — Y (¢, k)45 G = Tl
= Ak

Algorithm 66. The pseudocode for QR Factorization:
For j=1,...,n

vj:aj
fori=1,...5—1:
T
n-j<—>qiaj

Vj <= Vi — 1545

rii = llvill2
Yj
q. —
’ Tjj
Return Q = [¢1 ... Qn] and R = (74;)nxn-
Example 67. QR factorization:
3 2
-l

We begin by finding first ¢;, which is just the "unit” version of v; = a;:

()
V1 = ay = 1

So



And we also get our r1; = ||v1|| = v/10. Next we get our second vector vy by inner

product:

vy = ay — (q1, G2) 1
-()-(F) O (
-(7)

And the ¢ is the unit vector from vy so

()

And we get our 1o = [|vo]| = \/g. For the ri5 term, it is the inner product of ¢; and as:
3
T 2 32
=) 3 =y%
V10

Q = [0 ¢

gk
o o

SJsl
§| ol=

(]

So we get the () matrix:

Il
VR

And the R matrix is:

So
3
A=QR < G’ ;): (VITO
Vo

5.4 QR Iteration
Definition 68 (QR iteration). Let A be an n x n matrix.
1. Set AO = A.

2. Do the iteration, at the k-th step, assume that we can QR factorization Ay into
Ay, = Q1R where Q) is orthogonal (i.e., QF = Q') and Ry, is an upper triangular
matrix.

3. Set Api1 = RiQy and continue the iteration process.

Note that the Ay are similar so they preserve the eigenvalues (see remark later).

Then under certain conditions, the Ay — A in which A is an upper triangular matrix.
The A is called the Schur form of A in which its diagonal entries will give the eigenvalues
of A.
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Definition 69 (similar). Two matrices A and B is called similar if there exists an
invertible matrix P such that B = P71AP.

Remark 70. Why does the A are similar? We note that:

Apy1 = RieQr = (Q ' Qr) RiQr = Q1 (QrRi) Q1 = Q1 M ArQy,

And @y is invertible because of the QR factorization. Therefore we get Ax,q and Ay is
similar. In addition, similar matrices have same eigenvalues.

Definition 71 (Schur Decomposition). Let A be a complexed value n x n matrix. If
A = QUQ ! where Q is unitary (i.e., QQ* = I) and U is an upper triangular matrix,
then this is the Schur form of A.

Question 72. How do we proceed? Unfortunately, Gram-Schmidt process for QR fac-
torization is slow and unstable. So we will use a different method, which we referred
to as Householder method.

5.5 Householder Method

Definition 73 (Householder Reflection Method). Recall we wish to find the eigenvalues
of a matrix A. The earlier method Gram-Schmidt is slow and unstable. We will introduce
a different method, which we can call Householder Reflection method, and in general is
divided into 2 steps:

1. Step 1: (the Householder Reflection) We find P orthogonal matrix such that PAP~!
is a Hessenburg matrix.

2. Step 2: Use rotation to perfom QR factorization on the upper Hessenburg matrix
H. Then we update QR iteration for H.
5.5.1 Step 1: Find Hessenburg matrix

Definition 74 (upper Hessenburg matrix). H is an upper Hessenburg matrix if
a;; = 0 for all ¢, 7 with ¢ > 7 + 1.

S X x %
* K% X X

O O * %

Definition 75 (Householder Reflection- Householder Matrix). Given a matrix A, we will
find a matrix P that is orthogonal such that:

PAP'=H
where H is an Hessenburg matrix. The matrix P is called Householder matrix.
Remark 76 (How to find Householder matrix). In addition, a Householder matrix must

satisty:
P=1—uw"
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Figure 9: reflection matrix P applied to a vector x

where [|v]| = 1.
P is called a reflection matrix because (see figure @ ) of what happen when applying P
to a vector z:

Pz =x+ 2(—(x,v)v)
=1z — 2(z,v)v
= (I —2vv")w

Remark 77 (properties of P). P has some properties:
1. Hamiltonian: P = PT
2. unitary: P~! = PT, or equivalently, PPT =T
3. involuntary: P = P!

4. —1 is an eigenvalue of P with multiplicity 1: Pv = —v.
This is because in R™ there are n — 1 linearly independent unit vectors orthogonal
to v. Thus 1 is an eigenvalue of P with multiplicity n — 1.

5. det(P) =1

Algorithm 78. How do we find P and at the same time turn A into an Hessenburg
matrix H? The theory behind it is pretty complicated to explain, it might be better to
see summary method and an example in later part.

We begin with:

* * ok %k

Wi ok ok Xk

LW ok ok ok
1

VW3 k% ok

where the red is a vector in w; = (wy; wy w3)! € R?

We need to transform that A matrix into a new matrix:
* % k%

H, =
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We need to find a P, which is a 3 by 3 matrix such that it turns the original w; into the new
v; = (v; 00)7 € R3. Actually, we need to find P, such that P(w;) = ||w||e; = vires.
How can we do this? See algorithm later. Now suppose you can find such a 3 by
3 matrix P, then how do we turn A into H;? Recall that both A and H; are 4 by 4
matrix. We did it my multiplying A with a ”complemented matrix P, (which is now is 4
by 4) and its inverse, where the complemented matrix P; is obtained from our P; by:

5_ (1 0
P

Then we get our H; by multiplying: H; = EAEA. But do we have to find the inverse

matrix Eil? The good news is no. We do not need to find the inverse. This is because

P is a Householder matrix, so P'=P Therefore, we get our matrix Hy by:

Hy = PAP

Now H; is still not of Hessenburg type, so we need to continue to turn H; = A; of the
% k%

* * * Xk

form: Hy = A, =

—_———

0 rwapr x

_ ko ko k%
into: Hy = o
AY

0 'si % x
| 1
1

010 x *

How do we do this process? Similarly, we need to find a P 2 by 2 matrix making
the red vector wy = (wy; wey)" € R? such that Py(wy) :_ngHel = (% 0) € R?. After we
found the P, we turn it into the complemented matrix P, which is 4 by 4 by:

10
PB=101 0
P,
And then find our H, as before by:
H=H,=PAP,

And note that Hs is now of the form of an upper Hessenburg matrix. and our original
matrix A is similar to this Hy = H matrix. Why?
Because

H:EA1E:P2P1AP1P2
= PAP = PAPT

where P = P, P, and is orthogonal (since P, and P, are orthogonal).
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Figure 10: algorithm to find Householder matrix P

Algorithm 79 (turn any vector into a scale of directional vector). Suppose we have a
vector
wy
w = Wo
w3

How do we find a matrix P such that P(w) = ||w||e;? The matrix P (note the P is 3 by
3) will satisfy:

P =1 2w’
where the v is the unit vector obtained from the u = w — ||wl||e;. (i.e., v = ”—i”u) How
is this possible? (see picture (10 ).
w+u = ||w|e;
= u = ||w|le; —w
We find a v such that v || w and ||v]| = 1, and the easiest way to do such is to normalize
u:
v = :I:L
Il
e —w
l[wllex = wl]
Example 80. Consider the matrix
4 1 -1 2
1 2 0 1
A= -2 0 3 =2
2 1 -2 -1
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Note that A = A”. Find the P such that PAPT = H, i.e., transform matrix A into an
upper Hessenburg matrix H.
We begin by looking at the first 3 entries in the first column, the red entries w = (1-2 2):

41 -2 2
A=ty 2 0
=2 0 3 =2
201 -2 -1

In R? we now have: u=w — ||w|le; = (1 —22)7 —=3(100)" = (-2 —22)T. Then we
get:

L
V31

v =

Therefore we get our 3 by 3 matrix P:

P =15 —2vu"
1 00 9 —1
=01t of-5(-1)(-1-11
0 0 1 1
1 _2 2
3 3 3
- | -2 _Z =z
PR A
3 3 3
Then to find our first step H; = A; we take:
4 3 0 0
0 _4 _
10A10:3343}1=A1
P P 0 -4 -1 -¢
4 5
0 -1 -3 3

We should also check that A; = AT. Now next we proceed with the same steps applied
to this matrix and the second column red entries:
4 3 0 0

10 4
3 L 4
A= o
! 4, 4
051 -1 —3
L 45
Oi-1r =3 3

Now in R2, the w = (—2 — 1)7 will give:

_4
u=w-fule = (7f) -

which then give the unit vector:



= o G
-E;L ”‘\?”E‘ N\,
V.
w@) - A sated=e o L[5 %)
v vl V1 \ -y V‘/

Figure 11: rotation by angle

_3

5
4
5

Therefore putting this P, to create a 4 by 4 matrix and multiply with Ay we get:

Then the 2 by 2 matrix P, is:

PQZIQ—QUUT:(

QU

4 3 0 0

1 0 0 10 0 5 10 5 0
0 1 A 0 1 = O g 333 68 :H

P P 3 25 _4_5

00 -5 %2

5.5.2 Step 2: The iteration process

Now we will proceed with the steps to transform an upper Hessenburg matrix H
into an upper triangular matrix R.

Definition 81 (rotation matrix). A 2-dimensional rotation matrix is defined as:
cos) —siné
o = (sin@ cos 6 )
For any v € R2, Ryv rotates the vector v counter-clockwise by an angle 6.

Lemma 82. For any v = (v; v) € R?, if we take 6 such that

cos(—0) I and sin(—0) = ||U_2||
v

el
Then Ry = ||v||e;. see figure for pictorial.

Now we will the above lemma in our final step of iteration by rotation. Let H° be the
Hessenburg matrix we found in step 1. We will first turn the vector v = (v; v2)” into an
v = (v 0)7 matrix in R?:

- ==~

tUp ok kX VU7, k% k
1 1 1 1
TN S S ' X

HO :,__2_, N Hl :I\_O_/I ko ok ok
0 * x x 0 * * =
0 0 x = 0 0 x =%
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How can we do this? We first find our rotation R; in which we turn vector v into a

scale of e;:
cosf —sinf 1 V] Vs
Ry, =1 . = —
sinf cos6 |lvll \—v2 w1

And putting this R into the block with identity matrix:

Ry, | O
R1 - 1 O
0 01

Then take R; multiply with H° will give H!. In short:

R H = H*
We continue this method for:
* ok ok % * ok ok %
HIZOE*E* * —>H2:05*E* *
0 %1 % 010 * =
0 0 % = 0 0 * =*

In which we can obtained H? from multiplying H! with R, where

11 0 |0

Ry=10| Ry, |0

0| 0 |1

And then continue:

% % % % % % % %
HQZO***%Hi”:O***
0 0 "% % 0 0 "% %
0 0 %' % 0 0,0 %

in which we can otained H® by multiplying H? with Rs3, where:

1[0] 0
Ry=[0[1] 0
00| Ry,

Notice that H? is now already in the upper triangular form, which we could rename it as
R® and see why is this a QR factorization of H°. Recall in all of our steps we get:

RiRR3H® = H? = R°
So
HO — R1_1R2_1R§1R0

If we denote Q = Ry 'R, R3", since each R; satisfying R;RY = I, then we get R;' = RT
(for i = 1,2,3). So Q is an orthogonal matrix, and R° is an upper triangular matrix.

Therefore we get:
H° = QR’
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Remark 83. A summary of method:

1. Step 1: Use Householder reflection to get an upper Hessenburg matrix and name it

HO:

}%@,1 ...i?zfjlfiljrfé ce }%1,2 = }{0

2. Step 2: Apply the QR iteration on H* by using rotation Rj, and the H* will
converge to an upper triangular matrix H* from which you can get our eigenvalues.

Example 84. Find the eigenvalues of

4 1
1 2
A= -2 0
2 1

4—3 3 0 0
L 10 5
o 3i3 3 0
o 3 o _es
3 25 75
68 149
0 0 %

—1

0
3

—2

2
1
-2
-1

Recall earilier we already have the Householder matrix H° from A:

So we get cos(—#) = 2 and sin(—60) = 2. Thus we now have our rotation matrix:

4
5
_3

5

and therefore our first ; matrix is:

| [SES
orlw

R, =

=}

0

Taking the multiplication of matrix we get:

RH=H' =

S O OO Ot

Now from this

08 4 9
H' = 7

0151 33 _68

|3/' 25 75

_68 149

0 0 75 75
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we get our cos(—f) = 0.46 and sin(—6) = 0.89 and so the rotation matrix is:

0.46 0.89
—0.89 0.46

and this gives our Ry matrix:

1 0 0 O
0 046 089 0
0 —0.89 046 0
0 0 0 1

Continue multiplying:
R2H1 — RQRlHO

and eventually we will get:

6.2953 0 0 0
ge_ | 0 —24249 0 0

0 0 2551 0

0 0 0  0.5412

Notice that we get all zeros on top and below of the diagonal because A = AT (in general,
you will only get an upper triangular matrix).

6 Numerical Linear Algebra: solving Ax=b

6.1 Iterative methods

To solve Az = b, we generate a sequence of x;, such that limy_,. xx = z:

1. The equivalent linear system:

Ar =b<+= x=Bx +c¢

2. from the equivalent linear system, we have the fixed point iteration:

a5 = Bz® 4 ¢

6.2 Linear Operating splitting method

We can try to factor A = P — R where P is easier to invert matrix. Then :

Ar=b<= (P—R)z =0
<— Pr=Rx+5b
= rx=P'Re+P "

Where if we denote B = P~'R and ¢ = P~'b we get this in the form:
r=Bxr+c
and so we can do the iteration method:

z* ) = Ba® 4 ¢
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6.2.1 Jacobi Method

Definition 85 (Jacobi method). The Jacobi method is when we let P to be the diagonal
of A. Let A = (a;;) and assume A = L + D + U where D = diag(a1; .. .an,) is the
diagonal of A, and L is the upper triangular matrix from A, and L is the lower triangular
matrix from A.

0 0 0
I - a?l 0
Ap1  QAp2 0
and
0 ap Ain
U= '
Qp—1n

0

The Jacobian method is:

Ar=b<= (D+L+U)x=b
< Dr=—(L+U)x+b
= z=-DYL+U)x+D"b

Therefore the iteration is:
2+ = DL + U)a™ + Db
So the coordinate entries are:
agkﬂ) = ail z": (—az‘ixg-k)) + bi:|
k=150
Remark 86. We observe the following:

1. Proper row exchanges may be needed to ensure that a;; # 0 (since we have division

2. a suggested stopping criteria might be:

I(k) — x(kil)
I I
[El

<e€

Example 87. Solve this system:

The fixed point is



the matrix
and

The Jacobi is then:
and

Applying this we found:

ﬂD:(
ﬂm:(

)
)

Definition 88 (strictly diagonal dominant matrix). A is strictly diagonal dominant ma-

trix if
|aii| > Z |aij|
i#1
Definition 89 (infinity norm of a matrix). The infinite norm of a matrix A is defined
as:

Bx
HA”OO = sup H “OO
cekn |7 ]|oo

Definition 90. If A is a strictly diagonal dominant matrix, then ||B,|| < 1 where B, =
—D7Y(L + U). Therefore the Jacobi method will always converge (i.e., it always work!).

6.2.2 Gauss-Seidel Method (GS)

Definition 91 (Gauss-Seidel Method (GS)). Suppose A = (a;;), and let A= D+ L+U
as before. But now we do:

Ar=b<= (D+L+U)x=b
< (D+L)x=—-Uz+b
< r=—(D+LUz+ (L+D)'b

And the iteration is then obtained by:

e* ) — (L + D) 'uz™ + (L + D)~
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The iteration matrix of this method is Bgs = —(L + D)~'U. And the entries in this
iteration matrix is:

k1) 1 (k) (k+1)
J=> 1<t

We tend to keep the terms a;;z; on the left, for instance, with A € R3*3 as in:

_ (k+1) (k) (k)
a1121 + a1aTs + a13r3 = by 117, = —Q12Ty  — a13T3 + b
o (k+1) (k+1) (k)
a91T1 -+ 99T + 933 — b2 —— A22%4 = —Qa91Ty — 2375 + bg
o (k+1) (k+1) (k-+1)
a3171 + a3aT2 + aszxrz = b a33T3 = —a317 — (32T + b3

Theorem 92. If A is strictly diagonal dominant, for any choice of %, both the Jacobi
and Gauss-Seidel methods converges to the unique solution of Ax =b.

Remark 93. The GS method converges twice as fast as Jacobi.

Example 94. Solve this system:

2.]31 — T2 =1
-1 + 2I2 =1

The fixed point is

the matrix
and

Recall the Jacobi method Bj; has

1 1
k41 k
x§”:§x§)+§
and
1 1
k+1 k41
1 3

&

e

I
R

o
N——

&/—\

I
VRS
NN |~
N——

&

©

I
Y
5| 5o0i~
N~

8

«

|
N

[epo]
N——
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6.2.3 When can we find x?

Definition 95 (spectrum and spectral radius). We have these terms:
1. Spectrum: The spectrum of a matrix B is o(B) = {\|A] — B is singular}

2. Spectral Radius the spectral radius of a matrix B is defined as p(B) = sup{|}| :
A€ o(B)}.

Lemma 96 (Gelfand Lemma). The spectral radius can be computed as:

1
n

p(A) = Tim A"
n—oo
for any induced norm ||.||.

For example, we can take the induced (infinite) norm:

sup || Az || oo
[Alle = —7——
[E1

Theorem 97. The following are equivalent:
1. p(B) <1
2. (I — B)™! exists and equal to > " | B"

3. For all g, the x,41 = Bx, + P~'b will converge to a unique x* where * = Bx* +
P, or Ax* =b.(where A=P — R)

Proof. We started with showing:
1. Show (1) = (2):

e First step: Let Sy, := Y ;- B'. Consider the given norm |.||. Then take any
e > 0 such that p(B) +& < 1. Then by Gelfand Theorem, we get, there exists
a ko such that for all £ > kg:

IBX|[F < p(B) +2 <1
If we denoted Cy = p(B) 4+ € < 1, then the above (raising to power k) gives:
|B*|| < C* < 1, Vk > kg

Then when we take infinite sum we get:

o) ko—1 00
SIBI =Y I8+ > I
=0 i=0 i=ko

§C+ZCé:M<oosince Cy < 1, so the sum ZCé is finite

i=kg i=ko
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e Second step: Now, for all n > m > k:

i=m+1 i=m+1
n—m—1
—ism( Y 1)
=0
SEIONE)
i=0
<CyttM
e Step 3: Because M < oo and Cy < 1 so C’S”H 7% (). Thus we must have
1S — S| — 0.
By completeness (of R), we must have that lim, ., S, = S* exists.
Next:

Sm(I — B) = <ZBZ‘>(I— B)y=>» B'-> B!
i=0 =0 i=0
=B’ - p™tt =1 - B™ = (I - B)S,
In short, S,,(I — B) = (I — B)S,, = [ — B™*1.
Since lim,, o0 S = S* and lim,, o0 [|B™HY| < limyeo CF = 0, when
passing the above to limit give:
S*I—-B)=1=(I—-B)S*
Therefore we get:
(I-B)'=5"=> B"
n=0
and this is what we needed for part (2).
2. Show (2) = (3): From (2) we get lim,, o0 S = S*, and lim,, o || B™|| = 0, so:
Ty = By + P~'b = B(Bxy,_o + P7'b) + P71
=...=B"zy+ S,,P b, by induction
Therefore
l2m = @l = [[(B™ = B")zo + (S — S) P~ 0]
< I1B™ = B"[[llzoll + 1S = Sull P~"0]| = 0
(since ||B™ — B"|| — 0 and ||Sy—1 — Sal| = 0)

Therefore by completeness, x,, must converge, so lim, ,, x, = x*.
we have:

In particular,

* = (Jim Bz + (i .0} P70

=S5*P7'b
(since lim B™ =0 and lim S,_; = 5%)
=({I-B)'P"
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In short we get:

(I -B)z* =P '
z* — Bx* = P7'b
t* = Bx*+ P7'b
Px* = PBx*+10
Px* = Rx* + b where B=P 'Rand A=P - R
And this showed part (3).
3. Show (3) = (1): For all zy, let us denote zy = v + z* and we have:
T, — 1" = (Bx,_1 + P~'b) — (Bx* + P~'b)
=B(rp1—2%)=...= B"(x9 — 2%) = B™

In short we get B = z, — 2* =% 0. Thus (by Gelfand Theorem, p(B) =
1

lim,, o || B[ 7 = lim,, o (Supx||1 IB || ), there is an eigenvalue of B, so p(B)

which is the supremum of the set of all eigenvalues of B exists) there must exists a
w such that:
Bw = £p(B)w , with ||w] =1

Then raising this to n power:
B"w = +(p(B))"w == 0
Since w # 0, we must conclude that:
(p(B))" === 0
And therefore we must have p(B) < 1.

Thus we show (1) = (2) = (3) = (1). O

6.3 Conjugate Gradient Method
6.3.1 Gershgorin Disc Method
Theorem 98 (Gershogorin Disc Theorem). For all A € o(A), there exists an i such that:
jaii = Al <) ag]
J#

Proof. The existence of A means that there is such an eigenvector v such that Av = \v
and |lv|| = 1. There exists an ¢ such that v; = 1 (i coordinate of v) and |v;| < 1 for all
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1 # 7. Then:

(A?})Z = (/\U)Z

Z CLZ‘jUj = /\UZ‘
()\ — (Zﬂ)’l)i = Z Q55
J#
A= asilloil < Jasl|vj]
J#i
since |v;| =1 and |v;| < 1
N —ai| < lay|
J#
This completed the proof. O

Corollary 99. If A is strictly diagonal dominant (SDD), then:
‘)\j| <1 and |/\GS| <1

Proof. Recall SDD mean that |a;| > >, |a;;|. The Jacobi method matrix is B, with
bii = 0and b;; = Z—] Apply the Gershgorin Disc Theorem to B gives: for all \; € o(By),

there exists an ¢ such that:

|ai;|

Al = 1o = Al <D byl =D |a.].| <1
J#i g

since A is SDD

Now for the GS method, Bgs = (D — L)~'U satisfying:

det(AgsI — (D —L)"'U) =0
det()\GS(D — L) — U) =0

Therefore 0 is an eigenvalue of the matrix Ags(D — L). So we use Gershogorin Disc
Theorem again and get:

Aasai — 0] < lassl[Aas| + D las|

j<i §>i
e lagl ) Rl
= [Aasl( 1 Z| | SZ’%’< 1 Z‘ .|
j<i ii j>i j<i Qii
Dividing by (1 — D @ﬂ) gives:
’)\GS’ <1
And this completed the proof. O
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6.3.2 Conjugate Gradient Method to solve Ax=b

Question 100. In this subsection, we suppose A is a Symmetric positive definite
(SPD), and we would like to solve Az = b.
Idea: Find an A-orthogonal basis {p;} and expand the root x* with respect to this basis.

Definition 101 (A-orthogonal). A set of vectors {p;} is said to be A-orthogonal if:

(prs Ap) = 0 if k # 1

Algorithm 102. Let {py} be such a basis. And suppose z* is a solution, that is, Az* = b.
Then we can expand z* with respect to this basis p, and get:

Then:

<pi) b> plu A.’,U Z ak Di, Apk:

Therefore we see the
O{i —_—
And the solution is )
- Pk,
pku Apk

k=0
which is the formulae to find z*.

Question 103. How do we find this basis {p;}? The algorithm to find this basis is as
followed:

Consider the function |
fla) = 5 (x, Az) — {b,)

Its gradient is:
Vf=Az—-b=0

We set Vf =0 to find the local min of f.
If we start at g, we take
po="b— Arg = -V f(x0)

Let 7, be the residue at the k-th step:
T = b — Al’k

We will get {p} by Gram-Schmidt process:

AZ',T’
pp=re— 3BT

— (Api,pi)
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If we take xyy1 = o) + aipr, and consider a function of ay:
g(ax) = f(zr + axpr)
The derivative with respect to ay, is zero will solve for ay:

(D, Tk>

") =0 = oy, =

Theorem 104. Let {py} be A-orthogonal, that is, (px, Ap;) = 0 if k # 1. Starting from
zo and let:

Ty = b — Al‘k
Tpt1 = Tk + QpDi
ay = <pk7 Tk>

Then we will have x,, = x* where Ax* = b. Ezactly n steps and we can get our x*.

Proof. Since xy1 — xx = agpr, we get (by telescoping):

n—1
Ty = E QP
k=0

Recall for x*, we have:

i
L

(Dk, b)

= agpi , where aj = o, Apr)

0

i

Now it will be done if we can check that (py,rx) = (pg,b). This is true because:

(P> Tk) = (PR, b — Azy)
= (pr, b) — (px, Azy)

= <pk7 b)
The (px, Axx) = 0 because for any x, € Span{po,pi,...,pk_1}, the inner product
(pk, Azy) is zero by the definition of A-orthogonality. ]

Remark 105. The steps are:
To = To,Po —> X1 —> T'1,P1 —> T2 —> T2, P2

That is, you get the p; at each step.

Remark 106. This computation is expensive, however it is still more efficient than SD
(steepest Descent) because we find local min instead of global min.

Algorithm 107. The pseudocode for Conjugate Gradient Method is found in figure .
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Conjugate Gradient Method

ro:= b — Axg
if ry is sufficiently small, then return x, as the result
Po :=To
k:=0
repeat
r{rk

=—=—
P, Ap;

Xk+1 = X + Py

Tl i= T — L Apy

Qap

if g1 is sufficiently small, then exit loop
r2:-*—1 Tr+1
r{rk
Pr+1 = Tkt1 + BrPr
k:=k+1
end repeat

Br =

return Xy as the result

Figure 12: Conjugate Gradient Pseudocode

6.4 Singular Value Decomposition for non-square matrix

The goal is for A an m x n matrix, we would like to decompose A into:

T
Amxn = meSanVan

where S is a diagonal matrix, UUT = I, and VVT = [, (pseudo inverse).
Note that AAT is a non-negative n x n matrix. We can order the eigenvalues of AAT as:

3%233Z...sﬁZskH:...:sn:O
S1 0 ... 0
0 So
s=1|: 0
0 0
0O ... ... 0

Definition 108. The s; are called the singular value of A. That is, we need to find
{v; € R" : ||v]| = 1} such that AT Av; = s?v;.

Question 109. How to find the v;? Suppose u; = 2% € R™, then:

Si

A'Uz' = S;U;
T L r L
Atu; = — A" Av; = —(s70;) = sv;
S; S;
So the Singular value decomposition SVD will get A,.xn = UpixmSmxn Vi, Where:

vl

U= (uy ... up)and VI = | :
Uy
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Fopulation In Hong Kong

6.85
X
68 ~ =t 1
//*7-

8.75 ,",’ . . . . .
" Piecewise linear interpolation
% 67
%865 X

6555

ﬁ|5958 1999 2000 2001 2002 2003 2004 2005

Figure 13: Piecewise linear interpolation
and
S1 0 ... 0
0 S92 :
g |t 0
0 0
0 0

7 Day 10: Interpolation and Extrapolation

Goal: The idea is to find functions (such as polynomials) that passes through (or ”ap-
proximate”) a set of data points.

1. Interpolation: "inside” the data.
2. Extrapolation: ”outside” the data.

Example 110. According to the Hong Kong Census and Statistic Department, the

population of Hong Kong was:
Year | 1998 2002 2003

Population (in millions) | 6.5437 6.787 6.8031
The questions that we would most likely be asking are:

1. (Interpolation) What was the population in the year 20007
2. (Extrapolation) What will be the population in the year 20057

A method of piecewise linear interpolation is in figure (13))

7.1 Polynomial Interpolation

Idea: Suppose given n + 1 data points, we would like to find a degree n polynomial that
passes through all points.
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Theorem 111 (Weierstrass Approximation Theorem). Suppose f € Cla,b]. For any
e > 0, there exists a polynomial P(x) such that:

|f(z) — P(x)| < e for all x € [a,b).
Then we have the Taylor’s series:

Definition 112 (Taylor’s series). We can find

to approximate f

However, this method also have:

1. The good: local, as high order as possible

2. The bad: local, so it require smoothness, and we need to compute derivatives.
The algorithm is as followed:

Algorithm 113. Suppose we have n + 1 data points {(z;, f;) }l-, where z; # x;. Let

p(z) = ap +ag + agr® + ..+ apa”

such that
p(z;) = fi, fori=0,1,...,n
Then: ~ _
1 oz 2%... af
1z 22, 2| |« fo
1z 22... ¥ C =
S o, fn
1z, 22... a"

Unfortunately, the Vandermonde matrix V' where

1 oz 2%...

1z 23... af

2 n

V=11 22 x5... x4
2 n

I =P

is unstable and we should not use this.

Instead, we have the Lagrange Interpolation:
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7.2 Lagrange Interpolation

Definition 114 (Lagrange Interpolation). The n-th Lagrange Interpolating polyno-
mial through nodes {(z;, f;)",} is:

Lns(z) = (x—xo)(x—xl)...(x—xk_l)”( H

(g —xo)(xp — 1) .. (T — 1) - .- (T — Tp) L Tk —
These L, j satisfy:
S
Theorem 115. If zg, x1,...,x, distinct, f is a function whose values are given at these
points, then a unique polynomial P(x) of degree at most n exists with
f(zg) = P(xy) forallk =0,1,...,n
This polynomaial is given as:
P(x) = f(zo)Lno(x) + ... + f(@n) Lupn(2n) = Y f(xr)Lng(z)

k=0

Example 116. Consider g = 2, z; = 2.75, and x5 = 4. Find Py() for f(z) = 1.
First we need to find the three L:

1. The first term Ly:

(x —x1)(z — 22) _ (x —2.75)(x — 4) _ 2(
(2o — 1) (20 — 22) (—0.75)(=2) 3

Ly = x —2.75)(x — 4)

2. The second term Lq:

L @om)w—m) _ (@-2—4) _ 16
Ly = (z1 — mo)(v1 —x9)  (0.75)(—1.25) —E-2)@—9)

3. The third term Lo:
(x —xo)(w — 1) (:r—2)(x—275) 2

Ly = = x—2)(x—2.75
27 (g — 20) (22 — 1) (2)(1.25) —5@ =2 )
Then
2
1 1 1 1 35 49
1) = 3 F) L) = 5hale) + g7 lale) + 3 Lale) = o= g = ot
Theorem 117. Suppose g, x1,...,2, are n + 1 distinct numbers in the interval |a, b]

and f € C™a,b]. Then for each x € [a,b], there exists an £(x) € [a,b] which depends
on x continuously on each interval (x;, x;1+1) such that:

FrD(E(x))

(x —zo)(x —2)1) ... (x — )

where P(x) is the Lagrange interpolation polynomial of degree n such that f(xy) = P(xy)
forallk=0,1,...,n
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7.3 Newton Interpolation: Forwarded Divided Difference
Goal: Given {(z;, fi)}1, we need to find a; such that:

P,(x) =ap+ ar(x — x) + as(x — zo)(x — 1) + ... + ap(x —xo)(x —21) ... (T — Tp_1)
interpolate the data points.

Definition 118 (Forward divided difference). The forward divided difference is de-
fined as followed:

1. The 0-th divided difference of f wrt z; defined as f[z;| = F(z;).

2. 1-st divided difference of f w.r.t x;, x;,1 defined as

o flriva] — floi] _ f(@ig1) — f(@)
f[xi’ le] - Tiv1 — T4 B Tiv1 — T4

3. k-th divided difference of f w.r.t. z;,..., 2, is defined as:

_ fleivn, - wir] = flw, - T
f[xla R 7ml+k] - Tivk — Ti
In particular,
Sl xe] = flro, - @]
flzoy - xn] = prap——

Definition 119 (Newton Interpolation). The Newton Interpolation is the polynomial:

P(z) = flzo] + flxo, z1](x — mo) + ... + flxo, x1, .. s xp)(x — z0)(x — 1) ... (x — )

- f[xo] + Zf[mmxl’ s 71:]](H<x - xj))

Example 120. f(z) =1 and 2o =1, z; =2 and z, = 4.
It might be easier to draw it out and calculate like a butterfly shape (see figure ((14)) )
We begin with this table:
T [1]2]4
flad = fla) [ 1] 5] 3

Next we calculate:

Li | (1and 2) | (2 and 4)
zi1—x;) | -1 T_T
flai, 1] = % e _% iz _%
And lastly,
_1_ -1 1
_ 8~ 73 _*
flw1, o, 23] = 11 3

Therefore our Newton Interpolation polynomial is:
P(z) = flzo] + flzo, z1] + flwo, 21, 22](x — 20) (2 — 1)
1 1
=1+—@@-1)+<(x—1)(z—2)

2 8
2 7 +7
= — — =2 —
8 8 4
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Figure 14: Newton interpolation example

7.4 Hermite Interpolation

Definition 121 (osculating polynomial). We let zg, x1, ..., 2, be n+ 1 distinct numbers
in [a,b] and also let mg, mq,ma, ..., m, be nonnegative integers. Suppose that f €
C™[a,b] where m = maxo<;<, m;. The osculating polynomial approximating f is the
polynomial P(x) of least degree satisfying:

dek  dxk

for k=0,1,...,m; withi=0,1,...,n

1. If n =0, then P(z) is the my-th Taylor polynomial for f at .

2. If m; = 0 for each 4, then P(x) is the n-th Lagrange polynomial interpolating f at
Loy L1yee.y Ly,

3. If m; =1 for each i, then P(x) is the Hermite Polynomial satisfying:
P(x;) = f(x;), P'(z;) = f'(x5), i=0,1,2,...,n
Theorem 122 (Hermite Polynomial approximation). Let f € C'la,b], xo, x1,..., 7, €

la, b] be distinct. Then the unique polynomial of least degree that agree with f and f" at
o, X1, .., Ty 18 the Hermite polynomzial of degree 2n + 1 given by:

H2n+1 = Z% f(x])Hn,]('I) + z_; f/(xj)f{n,j(x)

where

Hyj=[1=2(x — ;)L ;(z;)] Ly ()
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and

~

Hyj(w) = (v — 2;) L ()

The theorem gives a way to find the polynomial, but it’s hard to implement. Therefore
we will use this:

Definition 123 (Divided Difference Formula- Newton Forwarded Divided difference for-
mula). Recall the Newton Forwarded Divided difference formula:

P(z) = flao] + Z flzo, x1, .. xi)(x — o) (@ —21) ... (z — 1)

If we defined 20y %1y R2y + -+ 5 20y R2n+1 by Z9; = Z2i+1 = Xy, le.:
1'0‘1'0‘1'1‘.%1‘1'2‘...‘37“‘1'”
20‘2'1‘2’2‘23‘24‘--- ‘ZQn‘Z2n+1

We also define:
f[zm, Z2z’+1] = f,(ZZi) = f,(-Ti)

Then the Hermite interpolating polynomial will be:

2n+1

Hopia(z) = Z flzos 215+ zi)(® — 20) ... (. — 25_1)

k=1

Example 124. Let f(z) = 2, 29 = 1, 1 = 2, and 2, = 4. Find Hs(z). We calculate:

fl@)=—: f() =1, f(2) =5, f(4) =

SHE

Fla)=—g: FO)=-1, ,FQ)=— fl&)=—=

We started with the following table:

x; 1 2 4
2 11112244
flel=fG) 115514
Next we get:
flzi land 1 1 and i 1and i 1and 2 1and i
; 2 2 2 2 4 4 4
I
ezl [ FO) =135 =-1r@--1] -1 [ro--4
Next we get:
fsol |l =L Lt D (CLmd-h | ot
fleozn ) | P =1 | SR =3 [ o = 5 | SiE R =5
Next we get:
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‘ f
*. o - ) -2 {(4)
H ) é

J it

4H2\\/\ﬁv\/

L

1 1 1 1 1 1
flzis 21, 2ie) | S§ 1and 5 EZ ?nd =) | gl—land )
flzis ziv1s 2ig, Zigs] 12:15 = —}l Tj__f = —116 3731:2176 = —6—14
And next:
1 1 1 1
fl2i, g1, Zit2, Ziva) ‘ (—1;1 ?nld) —1—6) ‘ (—11—6 arid) —@)
f[Zi, Zit1s Zi+2, Zit3, Zi+4] ‘ % — % ‘ 64471 16/ — é
And finally:
1 1
1 16 1
f[zza Zi+1 Ri425 Ri+35 R4, 21—1—5] 4 _ iG - _6_4
Therefore:

Hs(z) = fI1]+ f1,1)(x — 1) + f[1,1,2)(z — 1)* + £[1,1,2,2](z — 1)*(z — 2)
+ f[1,1,2,2,4)(x — 1)*(z — 2)* + f[1,1,2,2,4,4](z — 1)*(x — 2)*(z — 4)

——ix—|—7 4 Zx3—|—5—3x2 " —l—z
64 32 64 16 16772

See figure for illustration.
7.5 Cubic Spline Interpolation

Definition 125 (cubic spline interpolation). Let f be defined on [a,b] and a = zy <
r1 <...<z, =0b. A cubic spline interpolant S for f is a function satisfying:
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1. S(z) is a cubic polynomial on each subinterval [z;, z;41] for i = 0,...,n — 1 and

that letting S;(z) = S(x)

xe[xi,xi+1]

2. The 4n — 2 equations:

(a) Sj(z;) = f(z;), Sj(xj+1) = f(zj41) for j=0,1,...,n— 1.
(b) Sj(zj+1) = Sj41(xjq1) for j=0,1,...,n —2.
(¢) Si(xjp1) = Sy (vj) for j=0,1,...,n—2
(d) Sj(zj41) = 87 (xj41) for j =0,1,...,n—2

3. One of the following boundary conditions is satisfied:

(a) Natural (free) boundary: S”(x¢) = S"(z,) = 0.
(b) Clamped boundary: S’(z¢) = f'(x¢) and S'(x,,) = f'(z,)

Note the equation for each j:
Si(@) = aj +bj(x — z;) + Cj(x — 2;)* + dj(x — 2;)°
Remark 126. There are 4n equations, and 4n variables.

Example 127. Find a natural cubic spline passing through (—1,0), (0,0) and (1,1).
Now first note that we have 2 intervals [—1,0] and [0, 1]. We need to find:

1. So=ag+bo(z+ 1)+ co(x +1)* + do(x + 1) for z € [-1,0] .
2. Si=ar+bhi(x+1)+e(z+1)2+di(z+ 1) for x € [0,1].
We have these conditions:

L Sj(x;) = Sjn(x;) = f(x;) = 0= f(=1):
a0:0, a0—|—b0+60+d0:0, ay :0, and a1+bl—|—01+d1 =1.

2. Si(wj1) = Sy (wj41) gives Sp(0) = S1(0). So by + 2¢o + 3dy = by
3. SJ/»,(ZIZj_;,_l) = Sj/-/+1($j+1) giVGS 200 + 6d1 = 261.
4. Natural boundary condition: S{(—1) = 0so 2¢y = 0, and S} (1) = 0s0 2¢;+6d; = 0.

Now solve for all the a;, b;, ¢;, d; gives:

S(a) = —t@+1)+i@@+1)? L ze[-1,0]
1+ 327 — 123 ,x € [0,1]
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8 Numerical Integration and Differentiation

8.1 Quadrature Rule (Integration)

Definition 128 (Quadrature Formula). Suppose f;f(w)dw = Z?:o a;f(z;). How to
define a;? Given n + 1 distinct points xg, x1,...,2, € [a,b], we consider the Lagrange
interpolating polynomial:

= Z f(x)Li(z) +

= P,(x) + Truncation error

f(n+1

n
||ZL'—I]

Jj=

Then if we take the integration:

[ 16 dw—}jf%‘/ o+ ot [Tl = ) e

= Z f(xj)a; + Error E(f)

=0

where ,
aj:/ L;(z)dx

and the Error term is:

1 T n+1
0=y [, T ietanis

Definition 129 (Trapezoidal Rule). The integral is:

/abf(a:')d:r; ~

Remark 130. Why is this approximation in Trapezoidal rule? Consider xqg = a, ;1 = b
and then Lagrange interpolation give:

f(a) + £(B)]

r—>b r—a
" () +

/abf(:p)d:p:f(a)/abz:de%—f(b)/abyg:de

=220 @+ 1)

L(z) =

So

2

Definition 131 (Simpson’s Rule). The integral is

‘/f <12 @)+ 4 + 0]
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Remark 132. Why is this approximation in Simpson rule? Take zy = a, x1 = “T“Lb and
z9 = b. Then denote h = b_T“, so we get xg = x1 — h and x5 = x1 + h. In particular, we

get this Lagrange Interpolation:

(x —x1)(x — 21— h) (x —x1 —h)(xr — 21+ h) (x —x1 + h)(x — 1)

If we rewriting % as ¥ with a change of variable, we see that:
b Va(z—1) =1 (z+1) Va(r+1)
= h —=d h d h ——=d
7=t [ s paon [ E2EE b pagn [

7b—a

P+ D+ o)

8.1.1 Degree of Precision

Definition 133 (Degree of precision (DOP)). The degree of precision of a quadrature

formula , .
JRED
a j:()
is the largest integer n usch that the formula is exact for 2* with ¥ = 0,1,...,n, that
is: , . .
==Y
a 5=0 5=0

Example 134. Find A and B such that fol fdx =~ Af(0) + Bf(1) has DOP (degree of
precision) > 1.
The strategy is that we need to check equality for 2° = 1 and 2! = :

1. For 2° = 1: foldx:A+BsoA+B:1.
2. For #' =z [} wdz = A(0) + B(1) = Bso } = B.

Therefore we get A =B = % We see that this is Trapezoid rule:

| =300+ ray

Why n = 1 is the smallest, because if we check for 22 we will not get equality:

1 L 1 1 1
- = d —(0)+ =(1) ==
5= [ e 50450 =3
So it does not work for 22, therefore 1 is the highest degree. We could also conclude that
Trapzoid rule has DOP 1.

Example 135. Find A, B and C such that f_ll fdr ~ Af(—1) 4+ Bf(0) + Cf(1) has
DOP > 2.
We need to check for 1, z, 22
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1. Check for 1: 2:f_111dx=A+B+C’
2. Check for z: 0 = f_ll xder =—-A+C

3. Check for 2?: 2 = fjl 22de = A+ C

From these three equations we get A = C = % and B = %. Then we get Simpson’s rule:

JRERCIREIURETI

We check that it will have equality for 23 but not for z*:

1. For a3 f_ll 2Pdr =0=3(—1)+3(0) + 3(0) =0

2. For x*: f_11$4d{]j =24A+0C=2
Therefore Simpson rule has DOP 3.

8.2 Closed Newton-Cotes Formula (Integration)

Definition 136 (Closed Newton-Cotes Formula). Let a = 29 < 2y < ... < x,, = b be
equally space, denote h = b’T“ The (n + 1)-point closed Newton-Cotes formula is:

n

[ @i =3 5w [ was s 50

J=0

Theorem 137. Suppose that > 7_a;f(x;) is the (n + 1)-point closed Newton-Cotes
formula with a = x9,b = x,, and h = b_T“. Then there ezists £ € (a,b) such that:

1. If n is even and f € C""2[a,b]:

b n n+3 £(n+2) n
/f(x)dx:Zajf(xj)jL%;)!(g)/o 2t —1)...(t —n)dt

2. If n is odd and f € C"a,b]:

b n n+2 £(n+2) n
/f(w)dx:Zajf(mj)—l—%/o tt—1)...(t —n)dt

J=0

8.3 Open Newton-Cotes Formula (Integration)

Definition 138 (Open Newton-Cotes Formula). Letz_1 =a <| xy <z <...<x,

Tnt1 = b be equally space, denote h = fﬁ The (n + 1)-point open Newton-Cotes
formula is:

n

/abf(x)dx = > f<xj)/ab L(z)dz + E(f)

J=0

Note that o does not have to be a and z,, does not have to be b.
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Theorem 139. Suppose that Z?:o a;f(z;) is the (n + 1)-point open Newton-Cotes for-

mula with a = x_1,b = x,41 and h = er‘; Then there ezists & € (a,b) such that:

1. If n is even and f € C""2[a,b]:

/f d:c—Zaj ;) w/ontQ(t—l)...(t—n)dt

(n+2)!

2. If n is odd and f € C"a,b]:
/f dx—Zajij w/nt(t—l)...(t—n)dt
0

(n+2)!

8.4 Composite Quadrature Rule (Integration)

The idea: is that we do one quadrature formula on each subinterval [z;, z;41] and then
sum everything up:

Definition 140 (Composite Quadrature Rule). We do:

m—1 n

/ fdx B Z /Zz+1 f Z Z]-I—l — Zj Zaif(zj + ti(Zj+1 — ZJ))

=0 =0

Definition 141 (Comp051te Simpson Rule). We divide [a, b] into n equally-spaced small
subintervals: a =z <21 < ...<x, =0b, i.e., x; = a+ ith where h = b’T“ Then:

/abf(:wdx:g/:l f(z)dw ~ gz;: [f(xi1)+4f(xl 12+I1)+f< )

8.5 Gaussian Quadrature (Integration)

Recall the Newton-Cotes quadrature rule:

n

/f %] &f(\l’;)

to be found known

That is, we already have fixed (n 4 1)-points xg, z1,...,2, and try to find the (n + 1)
coefficients ag, ay, ..., a,.

Definition 142 (Gaussian Quadrature Rule). The Gaussian Quadrature Rule is
that:

/f Jir =S 4 f( o)

— =~ ~—
to be found to be found also

That is, we need to determine both the (n + 1) points zg,z1,...,z, and the (n + 1)

coefficients ag, a1, ..., a,. We have (2n + 2) unknowns, and we need to determine them

from the following conditions:

Conditions: The relation: .

/ f(z)dz = Zajf(xj)

7=0
is exact for any polynomial of degree < 2n + 1.
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Example 143. There are 2 equivalent ways of asking:

1. Version 1: Let [a,b] = [—1,1], then work out the Gaussian quadrature rule for
n = 1.

2. Version 2: Find ag, a1, xg, x1 such that:

/_ fa)de = aof (an) + an f ()

has DOP > 3.

By Conditions, the
1
[ 1) = aof(ao) + anfan)
~1

should be true for any polynomial of degree < 3, so we will check for 1, z, 2%, 23

1. For f(z)=1: 2= fjl ldr = ag + a;

2. For f(z)=a: 0= f_ll rdr = agrg + a171
3. For f(z) =% 2 = f_11 r?dr = apr? + ayz?
4. For f(z) =23 0= f_ll r3dr = apzrd + ay 3

Solving for these 4 equations give ayp = a; = 1 and z¢ = —\/Lg and z; = \/Lg Therefore:

/_ o= f(—%) +f(%

How do we construct Gaussian quadrature in general?

)

Theorem 144. Let q(x) be a nontrivial polynomial for degree n + 1 such that, for all
0<k<n:

/_ 1 z*q(z)dr = 0

1

Let xg,xq,...,x, be the zeros of q. Then the following quadrature rule:

/ S~ Y A (@)

with

A = /1 Li(z)dx = 1 Mdt

1 ) H#i(mi — ;)

1s exact for all polynomials of degree at most 2n + 1.

8.6 Numerical Differencing (Differentiation)

The Aim: find approximation of f'(x;) [or f®)(x;)] via {fi}7,

60



8.6.1 Forward and Backward Differences

Recall by Taylor series:

h2
flzxh) = f(z) £ hf'(z) + 5 (€ (2))
where &4 (z) € (z £ h, z).
Definition 145 (Forward and Backward Differences). The formula is:

Plo) = LEER ZI@ I )

+h 2
—_—

Error

1. +: forward difference

2. —: backward difference

8.6.2 Central Differences

Consider x;_1, x; = x;_1 + h, ;21 = x;_1 + 2h. By Taylor series:
L f(wien) = fw) + hf' (@) + 5 (@) + 5 £ (&) where & € (2, 2i11)

2. f(ifz'—l) = f(il%) - hf/(l"i) + %Qf//(l"i) - %fm(fz) where &, € (5Ui—1>$i)
Definition 146 (Central Differences). The Central Differences will be:

f(@iy1) = f(wi1) o E

) = R SE) + 1)

and

f(@ipn) = 2f (@) + flximn) B

fiw) = 0?2 24

Where the red term are the errors.

—(fW(&) + (&)

9 Numerical ODE

The Goal: Approximate a solution to the following IVP: y : [a,b] — R:
y'(t) = [f(ty)
yla) =a

by {y;}, which solves some:

How do we find this ®

——~
Yipr =y +hx O,y f,h)
Yo =

such that y; ~ y(t;) with some good error bounds, where: ty = a, ty = band ;11 —t; = h.

Some Idea: We let:

) (¢
y(t +h) — Zy Vi + o+ Nth () i1 hd(y(t), t, h)
———

Taylor series method: Runge-Kutta
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9.1 Review of IVP- Initial Value Problem
Definition 147 (IVP-Initial Value Problem). The problem:

{y'<t> = f(t,y(t)), a<t<b

yla) =o
is an IVP.
Example 148. Consider:
y'(t) =My
y(0)=A

This gives y(t) = Ae™.

Definition 149 (Lipschitz Condition). Let f : [a,b] x D — D be such that there exists
an L < oo such that:

for all ¢ € [a,b] and x,y € D. Then f is said to satisfy Lipschitz Condition.

Lemma 150. Suppose f : [a,b] x D :— D is C1, D is convex in R% and
10, f(t,y)| < L (operator norm)
Then f satisfy the Lipschitz condition.
Definition 151 (IVP well-posedness). The IVP is well-posed if:
1. Existence: IVP has a solution
2. Uniqueness: The solution is unique
3. Stability: For all ¢ < g, for all § € C([a, b], RY), 5y > 0 such that:
10]|co + 00 < €

the perturbed system:
{z'(t) = f(t,2(1) +6(t)

z(a) =a+d

has a unique solution satisfying:

1z = yllcoay < Ke

Theorem 152 (Global Well-posedness Theorem). Let f : [a,b] x RY — R? satisfies the
Lipschitz condition, then the IVP is well-posed, and:

|z =yl < C’eL‘t_“‘(l +|b—al)e
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9.2 (Explicit) One-step Method
In general the (Explicit) One-step method is:
How do we find this ®
/_/%
Y1 =yi+hx Oty fh)
Yo =«
Definition 153 (Euler’s Method). The Euler’s Method is when we take ®(¢;, v;; f, h) = f(t;, v;):

Viri =i +hf(t,y)
y+0 =a

Example 154. The ODE % = —2y + 3¢~ ?* with y(0) = 1. This ODE has analytical

solution is

rt+4
4

6—2x

y:

The Euler is then:
Yir1r = Yi + h(=2y; + 2je™)
Definition 155 (Taylor Series Method of order m). Recall the Taylor series:
2 h3
z(tj) = 2ty + h) = a(ty) + ha'(t;) + 52" (t;) + 52" (1) + ..
A numerical method derived by truncating Taylor series up to the term involving A" is
called a Taylor Series method of order m.
Remark 156. Taylor Series method of order 1 is the Euler method.

Algorithm 157. The pseudocode for TSM of order 3:

For 5 =0,1,...,M : do
tiy1 =to + jh,
a = f(ty'?xj),
b= filty, z;) + falty, z))a,
¢ = fulty, ;) + 2afu(ts, z;) + bfo(ty, ;) + 0 faulty, x5),

b
I’j+1 = Ij —I— ah + §h2 —I— %h3

end

Example 158. Consider:
a'(t) = [f(t =)
{x(to) =
The TSM of order 1, which is the Euler method is as followed. By Taylor series:

error

—_——
2(tjpr) = 2(t;) + ha'(t;) + O(h?)

z(tjr1) = x(t;) + hf(t;, x(t;))

Q

Denote
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1. z(t;) the exact value of z(t) at t;
2. x; the approximated value by numerical method
Then the Euler method is:
Tjy1 = x5+ hf(t;, )
The two are different:
1. {z(t;)}: exact/analytical
2. {z;}: numerically approximation

That is z; ~ z(t;) and not equal.
The TSM of order 3 is:

approximation
7\

Ve

h? W,
ﬁc(th) = .I'(tj) + hLE/(tj) + ?m//(tj) -+ ylﬁ'm(tj) + O(hg)
. Error

In which we calculated the terms:

2'(t) = f(t, x)
J/’H(t) - ft(tv I) + frc(t7x)x/(t)
2" (t) = fu(t,n) + 2fi(t, 2)2'(t) + folt, )" (t) + foe(t, z)(2)?

9.3 Error Analysis

Definition 159 (Truncation Error). There are 2 types of truncation errors:

1. Local truncation error 7; at ith step (time ¢;) is defined to be:

y(t;) — (y(til) + h®(ti—1, y(ti-1, h))) y(t;) — y(ti1)
A - h

7i(h) == —O(ti—1,y(tiz1), h)

2. Global truncation error e; at the ith step is defined to be:

i—1

) = o) = ) = |u(t) ~ (1 + DILNE 0]

Remark 160. Local truncation error measures the accuracy of the method at a specific
step assuming that the method is exact at the previous steps.

Definition 161 (Consistence and Convergence). A one-step difference equation method
with local truncation error 7;(h) and global truncation error e;(h) at the i-th step is called

1. consistent with the IVP if

lim max |7;(h)| =0
h—0 1<i<N
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2. convergent with the IVP if

o iy e () =0

Remark 162. Consistency determine local effect while convergence determines global
effect of the method.

Definition 163 (Order of a Method). A numerical method to solve IVP of order p if
max 7;(h) = O(hP)

1<i<N

Example 164. Show that Euler method is of order 1 and consistent.
Recall the Fuler method is that:

Yigr = Yi + hf(ti vi), Yo = «
Then:
y(t) — |y(tica) + hf(tizr, y(tiza))
h

fOI' 52;1 € (ti,bti)

sh*y" (6im)

Y (§i-1)
If ||ly”|| < M then |7;(h)| < %h = O(h). Therefore:
max 7;(h) = O(h) = order 1

and:

lim max |7;(h)| = 0 = consistent
h—0 1

Remark 165. Similar to the derivation of Euler method, Taylor method of order n has
local truncation error O(h™) and thereby consistent.

Lemma 166 (Discrete Gronwall Inequality). Let s,¢ > 0 and {a,;}}_, satisfying:

ag > -1
a1 < (l+s)a;+t, fori=0,1,....,k—1
Then a1 S G(H_l) (ao -+ ) i

Proof. We have:

az+1<(1+8)a2—|—t<(1+5)[1—|—3)al 1_1_15] 4t

<. (1+3Z+1a0—|—t[1—|—3 (1+s)—|—1}

1 +1
(14 )ty LT L +3)

= (14 s8)"(ag + )

< eltDs(gy 4 Ly - E
S S

S
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where the last inequality is true by Taylor expansion:

2
65:1—#8—1—%6521—1—8:(14-5)”1Se(”l)s

This completed the lemma proof. O

Theorem 167. Let ® : [a,b] x R? x [0,hg] — R? be continuous, satisfying Lipschitz
condition in variable y:

Then:

1. Consistency <= convergence <= ®(t,y,0) = f(t,y) fort € [a, ]
2. If, in addition, there exists T(h) such that 1;(h) < 7(h) for i = 0,1,...,N and
0 < h < hg, then:

el < W rtms) 1)

Proof. We skipped the part convergence implies consistence. We will now prove the part
Consistent (local) = convergence (global). By definition:

y(ti) = y(ti—1) + h®(ti—1,y(ti-1), h) + h7(h)
Yi = Yim1 + h®(ti—1,yi—1, h)
Subtract the 2 equations give:
y(t) —yi = y(ti1) — Yim1 + h | @1, y(tioa, h) — (tio1, 91, h) | + h7(h)
Now note that e; = y(t;) — y; and e;_1 = y(t;—1) — yi—1, and using the Lipschitz condition
|D(ti1,y(tio1, h) — @(tic1,yi1, h)|| < Lly(tics — yio1| = Llei|
and taking absolute value we get:
lei] < |ei—1| + hL|e;_1| + h|7|
lei| < leima|(1+ hL) + hl7|
since all the |7;| < |7|. Now if we denote s = hL and t = ||, using discrete Gronwall
Inequality Lemma:
ht hr 7

|€i’ S |6i,1|(1 + hL) + h|7” S €ihL(|€0| -+ E) - E == z|: Liti=a) _ 1:|

consistent by inequality above

Therefore when h — 0
convergence.
Our next goal is to show that consistence <= ®(¢;, y(t;),0) = f(t;, y(t:)):

y(t:) —y(ti1)

T(h) = 0

> e; — 0 = max; |e;| - 0 =

7;(h) = - O(ti—1,y(tiz1), h)
22 Fltima, y(timr)) — D(timr, y(tim1), 0))
—0
SO CI)(ti_l, y(ti—1)7 0) = f(ti—lyy(ti—l))- D
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Lemma 168 (Error bound of Euler Method). Consider the IVP:

y(t) =fltyt), a<t<b
yla) =a

where f is Lipschitz condition with constant L over [a,b] x R and |y”(t)| < M for any

t € [a,b]. Then the Euler method satisfying:

Mh
|6i| < E (eL(ti—a) _ 1)

Proof. By Taylor’s theorem: there exists &_; € [t;_1,t;] such that:

) = tscs) + 1t i) + 6 )

and Euler:
Vi = Yio1 + hf(tic1, yie1)

Taking the two equations subtract:
2

y(ts) —yi = y(tizy) —yimr F R (i, y(tize)) — f(tic, yim1) | + %y”(fi—l)

Take absolute value: 52
lei] < (14 hL)|e;_1] + §M

From Gronwall Inequality, take s = hL and t = hZM :
, Mh Mh
e < €M (leol + 2 7) = 5

_ Mh
- 2L
This completed the Lemma proof. O]

(eL(tra) _ 1)

9.4 Runge-Kutta Methods Introduction

Recall the Taylor series method:
2 3

z(tjp1) = x(t; + h) = x(t;) + ha'(t;) + %flf//<tj) + %:1:”’(16.7) +...
And the algorithm is:
For 5 =0,1,...,M : do
tjv1 =10+ jh,
a = f(t;,z;),
b= filty, z;) + fa(t;, x5)a,
Cc = ftt(tja %‘) + 2a'ft$(tj7xj) + bfx(tj,%‘) + a2fm(tjaxj)7

l ;
I’j+1 = I‘j —I— ah + *)h2 —I— £h3

2 6
end

You need to evaluate higher order derivatives: TROUBLE
Idea of Runge-Kutta methods: achieve high order local truncation error without
computations of f*)(¢,y(t)) for 1 <k <n — 1.
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Figure 16: Euler Method vs Midpoint Rule

9.5 The Mid-point method (a Runge-Kutta Method)

Recall the IVP:
y't) =rfty)
yla) =a

If we do Taylor method of order 2 we will get:

TO(tg) = F(60) + 5100 =] 1(60)+ 550 () + 5ot ft)

The Idea: Find a,f(t + a1,y + B1) ~ T@(t,y): The derivation is:

arf(t+any+p5) = af(ty) + al%??—{(ta y) + alﬁlg—i(ta Y)

2 92 2 2 92
o O f f ., B0
+ 2 Ot2 (E/n) + 04151 0t0y (Ea f]) +

O(h?)

N

Now we match the coefficients in the two boxes and get:

al = ]_ a/l — 1
aB = %f(t, Y) pr = %f(tv Y)

Definition 169 (Midpoint Method). The approximation is now:

Y1 =Y+ hf(t+ 2y + Lt y))
Yo =

See figure for illustration:
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9.6 Modified Euler’s Method (a Runge-Kutta Method)

Idea: Find a, f(t,y) + asf(t + o,y + 62 f(t,y)) =~ T (t,y). Now the Taylor’s method of
order 3 is:

(3) _ h / h? 1"
T (tvy) - f(t7y> + §f (tvy) + Ef <t7y)

-| e+ (5 + o)

o "o
WO Of . Of . O ., Of of of of
_<8t2+8t8yf agor! T ot +a_E+a_y3_y)

(.

g
error

And deriving ay f(t,y) + aof (t + a2,y + 62 f(t,y)) gives:

0
arf(t,y) +aaf(t + o,y + 2 f(t,y)) =| (a1 +a2)f(t,y) + GQQQG_{ + a252f f
92 2 2 12 52
o°f o f 03/ 0°f
+ar ) oz TRl st e 5a
Comparing the boxes give:

ar+ay, =1
a209 %
a252 = %

The solution is not unique, so we choose one solution: a; = a, = % and 0y = ay = h:
Definition 170 (Modified (Improved) Euler’'s Method). The system of approximation
in Modified Euler Method is:

Yiv1r =Y + b) f(tza yl) + f(t +h  Yi + hf(tza yl))

Yo =

9.7 General Runge-Kutta Method

Definition 171 (General Runge-Kutta Methods). This is a one-step method de-
fined by:

Yirr =Y+ Z bjk;
j=1
——
h‘I)( LisYis h)
Yo =

where the 5
k‘j = hf <tz‘ + th, Yi + Z aﬂk:l>
1=1
is called a Runge-Kutta Method. In the equation we have these terms:
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1. h: step size

2. s: number of sub-steps (stages) taken from ¢; to t; 1,

3. b;: weight of the j-th sub-step to update y;

4. ¢;: increment factor of the j-th sub-step

5. aj;: the weight that the [-th sub-step contributes to the j-th sub-step.
Example 172. Recall the Mid-point Method the iteration is:

h h
Yirn =Yi +hf(t; + 50 Vi + §f(tu Yi))

If we rewrite this a little bit, we will see that:

k‘,l
Yier = Y + 0. 2 f (i, yi) +hf(ti + 5 Yi + 3 hf(ts,v:))
W—/ N .,
k1 zg
Recall:
]{1: hf(t/[ + Clh, Y + allkl + (112]{2) = hf(th y7)

h 1

ko= hf(t; + coh,y; + ao1ky + anks) = hf(t; + 57, yi + §k1)

So we can see that:

1. h: step size
2. s = 2: number of sub-steps (stages) taken from t; to ;1
3. by =0, by = 1: weight of the j-th sub-step

4. ¢y =0 and ¢y = %: increment factor of the j-th sub-step

5. a;; = a;2 = 0 and ag = %, and age = 0: the weight that the [-substep contributes
to the j-th substep.

Example 173. Recall the Modified Euler’s Method, the iteration is:

h
Yit1 = Yi + 5 f(tivi) + f(ti+h,yi + hf(ti,vi))

Taking a closer look at this iteration:

k1

1 1 —_—N—
Yirr =Yt g hf(ti,y) +3 hf(t; + h,yi + hf(ti,y))
—_—— ~ -
k’,l k‘,g
And with:
k= h/f(ti +cih,y; + anky + (l12k2) = h/f(tu !/z')
ko= hf(t; + coh,y; + ao1 k1 + agnks) = hf(t; + h,y; + k1)
We see that:
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2.
3.
4.

D.

. h: step size
5=2
blzéandbgzé
cp=0and ¢y =1

a1 = 12 = 0 and 91 = 1 and 99 — 0.

Theorem 174 (Consistency and Stability). We have the following conditions:

1. If ijl bj = 1, then the Runge-Kutta method is consistent
2. If Y77, aji = ¢;, then the Runge-Kutta method is stable
S If 335 bj=1and Y _ ay=c; and 3 ;_, bjc; = 5, then the Runge-Kutta method
15 of second order.
Proof. Direct calculation. O]

Example 175. The midpoint method has :

1

2.

So:

1.
2.

3.

. h: step size
s = 2: number of sub-steps (stages) taken from ¢; to ;41

by = 0, by = 1: weight of the j-th sub-step

c; =0 and ¢y = %: increment factor of the j-th sub-step

a1 = a;p = 0 and aq; = %, and age = 0: the weight that the [-substep contributes
to the j-th substep.

b1 =0, by =180 by + by =1: so it is consistent.
a1 +aa =0=c and ag; + agy = % so it is stable.

bicy + bycy = % so it is second order.

Example 176. The modified Euler Method has:

1

2.

So:

. h: step size
§s=2
blzéandeZ%
cg=0and ¢y =1

aj] = ajpg = 0 and ag) = 1 and a9 — 0.

. by + by = 1: so it is consistent.
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2. ay; + a2 = ¢y and ag; + agg = % so it is stable.

3. bicy + bacy = % so it is second order.
Remark 177. The Runge-Kutta method is:

1. Explicit if aj; = 0 for all [ > j, i.e., kj <= ki, ko, ..., k;—1: no equation needs to
be solved.

2. Semi-implicit if aj; = 0 for all [ > j, ie., kj < ki, ks,...,k;: Each k; can be
solved by an equation containing k; for [ < j.

3. Imp1101t Otherwise, i.e., k’j — kl, ]{32, ceey k?j, kj+17 cel the ]{71, ce kj, kj+17 e
need to be solved simultaneously.

Example 178. For the Midpoint method, we see that a;; = a1o = ass = 0 so this is

explicit. Note that we do not care aq; = %

Example 179. For the Modified Euler Method, we see that a;; = a;2 = as9 = 0 so this
is explicit.

Remark 180. An explicit/semi-explicit/implicit RK method is an explicit one-step
method, since the y;,1 can be found by v;.

Remark 181. Implicit RK method can be more stable, but it is not easy to compute.

9.7.1 Butcher Tableau

Definition 182 (Butcher Tableau). The Butcher Tableau (matrix) is a compact way
to describe a Runge-Kutta method through parameter defined as:

C1| a1 A2 ... Qs
Co | Q21 Q22 ... Q3
S . 7| A
: : Q5 : - b T
Cs | Qg1 Qg2 ... Qgg

\ [ b .o b))

Remark 183. We observe that:
1. ¢; = 0 is used in general, and a;; = 0 holds for explicit methods.

2. An explicit RK method with s sub-steps may not have order higher than s, and
thereby the matrix A is lower triangular and all its diagonal entries are zero.

Theorem 184 (Consistency and Stability in Butcher Tableau). Recall the theorem:
1. If 22:1 bj = 1, then the Runge-Kutta method is consistent
2. If >, a = ¢;, then the Runge-Kutta method is stable

3 If Y5 by =1 and Y7 aj = ¢; and YJ_, bjc; = 5, then the Runge-Kutta method
1s of second order.
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In Butcher Tableau:

Ci1 a1 AQi2 ... dis
Co | Q21 Q22 ... Q2
aij
Cs | Qg1 Qg2 ... Qgg
\ [ b b))

For the ¢y ayy ayo ... a1 : stable if the sum of all the a in each line equal to the c;.
For the by by ...bs: consistent if the sum of all the b equal to 1.

Example 185 (Butcher Tableau for Midpoint Method). Recall Midpoint Method has:
e by =0and by =0
° cleandCQZ%

e a1l =12 =0 and an :%and Qe = 0.

So we get the Butcher Tableau:

NoI= O
Ol O

1

From this Butcher Tableau we see it is consistent and stable.

Example 186 (Butcher Tableau for Modified Euler Method). Recall Midpoint Method
has:

oblzéandeZ%
e ci=0and cy =1
o ¢l =a12 =0 and as; = 1 and ayy = 0.

So we get the Butcher Tableau:

=)
N = O
o= OO

From this Butcher Tableau we see it is consistent and stable.
Definition 187 (Heun’s Method). The iteration is:

1 3
Yir1 =Y + Zkl + st

in which:

ki = hf(ti, y:)

1 1
2 2
ks = hf(ti + gh, Yi + gkz)
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Example 188 (Butcher Tableau for Heun’s Method). Rewriting the iteration:

1 3
i = Y; —k —]{?
Yit1 =Y +4 1+4 3

1 3
yi+1:yi+4—lk’1+0k’2+1k’3

This gives the b: b; = i, by =0, and by = %.
Now rewrite the k;:

ki = hf(tiy:)

The red term is ¢; = 0 and the blue terms are the first row of a: ay; = a1 = a;3 = 0.
The second ks:

1 1
ko =hf(ti+ sh,yi + <k1)

3 3
1 1
k)g = hf(tz + §h7 Y + gk’l + Ok)g + 0]63)
This again give the red term ¢, = i and the blue term: as; = %, Q9o = Qa3 = 0.

Finally rewrite ks:

2 2
kg = hf(tz -+ —h,yi + —k'Q)

3 3
2 2
So this gives the red term c3 = % and the blue terms: azy = %, as; = agz = 0.

And now we get our Butcher Tableau for Heun’s Method:

From this Butcher Tableau we see this method is consistent (last row sum is 1) and stable
(each row has same sum to c).

Definition 189 (RK4). The iteration is

1 1 1 1
Yir1 = Yi + ékl + §k2 + gks + 6k4

where:

ki = hf(ti, y:)

1 1
ky = hf(ti + 5}%% + §/€1)
1 1
ks = hf(t;+ §h, Y + 5152)
ks = hf(ti+ h,y + ks3)
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Example 190 (Butcher Tableau for RK4 method). We first rewrite the iteration:

1 1 1 1
Yir1 = Yi + ékl + gk’z + gk:a + 6k4

And this gives the b: b, = by = % and by = %

Now rewrite the k;:

1 _ 1
6762*§7

ki = hf(ti, vi)
]{51 = hf(tl + Oh, Yi + Ok’1 + Okz + Okg + 0](34)

The red term is ¢; = 0 and the blue terms are the first row of a: ay; = a2 = a13 = a4 = 0.
The second ks:

1 1
ko =hf(ti+ zh,y; + =k1)

2 2
1 1
]fg = hf(tl + §h, Yi + 5]{71 + Okz + Ok‘g + 0k4)
This again give the red term ¢, = % and the blue terms: a9 = %, Qoo = A93 = 94 = 0.
The third k3:
1 1
k‘g = hf(tz -+ §h7 Y; + 5]52)
1 1
k3 = hf(tz -+ §h, Yi + 5]@2 + Ok’l + Okg + 0k4)
So this gives the red term c3 = % and the blue terms: as; = %, as1 = asz = asy = 0.

The last ky:

ko= hf(ti+ h,yi +k3)
k4 = hf(tz + 1h, Yi + 1k‘3 + Okl + O/{4 + Okg)

So this gives the red term ¢, = 1 and the blue terms: as3 = 1, a41 = @40 = agq = 0.
And we get the Butcher Tableau:

0[0 00 0
R
o Lo o
110010
I 1 1 1
6 3 3 6

From this Butcher Tableau we see that it is consistent (last row sum is 1) and stable
(each row sum is equal to c).

Remark 191. RK4 is a popular method. See figure and figure for illustration.

9.8 Summary of One-Step Method

A numerical method which use only 1 single previous value ¥, to compute vy, is called
single-step method.
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Figure 17: RK4 method illustration
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Definition 192 (Explicit one step method). The iteration is:
{yiJrl =y; + h®(ti, yi; f, h)
Yo =a
In which we have
Definition 193 (Euler Method).
Yir1 = Yi + hf(ti, vi)

Definition 194 (Mid point method).

h h
Vi1 =Y + hf(ti + 5 Yi + Ef(tz', Yi))

Definition 195 (Modified Euler Method).

h
Yie1 = Yi + 5 fti,yi) + fti+hyyi + hf(ti,v:))

10 Multistep Methods to solve ODE

A numerical method which uses more than one previous value from yo, ¥1, ..., Yn_1,Yn tO
evaluate y,+1 ~ y(t,41) is called a multi-step method. If m previous values are used,
then we call this multistep method a m-step multi-step method.

Definition 196 (general m-step method). A general m-step method is defined by:

Y ey =h ) bif(tees yess)

j=0 7=0

where the yo,y1, ..., Yrrm_1 are given. Without loss of generality, a,, = 1. The method
is explicit if b,, = 0, and it is implicit if b,, # 0 (i.e, finding yx,,, involves solving an
equation or not).

Example 197. All these examples are single-step, because we have:
ynﬂ—yn:h{...] = m=1

L. Ynt+1 = Yn + hf(tna yn): eXpliCit'

2. Yn+1 = Yn + hf(tna yn,+1>: impliCit
3. Ynt+1 = Yn + % f(tnv yn) + f(tn-‘rb y71,+1):| : impliCit

4 Yny1 = Yn + hf(tm_%, Yntinil): implicit.
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Algorithm 198 (General derivation of multi-step methods). : We have the IVP:

{y'm = f(t,y)

y(a) =

Integrate the ODE over each interval [t,, t,41]:

/ Y ()it = / (b, y(e))d

Therefore:

Y(trn) = y(ta) + / A ()t

N J/
-

use some quadrature rules to approximate this integral

In approximating the integral with quadrature rules, you may use some of previous values
Yo, Y15 -+ -y Yn—1,Yn-

10.1 Adams-Bashforth Methods

Approximate f by its interpolation at the following m nodal points:

Loy tn—1,--- 7tn7(m71)

The resultant methods are called m-step Adams-Bashforth methods. Note that these
methods are explicit.

Definition 199 (2-step Adams-Bashforth Method). The iteration is:

3 1
Yn+1 = Yn + h(éfn - §fn—1) for n = 172?37 te

Note that this method is explicit.

Algorithm 200. How to get 2-step Adams-Bashforth Method, assuming that we
are currently at step t,.1:
Interpolating of f at ¢,,%,.1:

t—t t—tyy

L(t) = — n— T . Jn
() tn—l_tnf 1+tn_tn—1f
Then:
tn41 tn+1
/ ft,y(t))dt ~ / L(t)dt : Trapezoid rule
tn tn
h
3 1 ) )
= h(§fn — §fn1) , plug in ¢, t, 41 into L(t)
Therefore:

3 1
Ynt1 = Yn + h(§fn - §fn1>
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Definition 201 (3-step Adams-Bashforth Method). The iteration is:

5

32 4
Ynt+1 = Yn + h<Efn — gfnfl + Efn2> forn=2,3,4,...

Note that this method is explicit.

Algorithm 202. How to get 3-step Adams-Bashforth Method, assuming we are
currently at t,,1: Interpolation of f at t,,t,_1,t,11:

(t —tn)(t — tns) (t —tn)(t — tns)
(tn—Q - tn)(tn—Q - tn—l) (tn—l - tn)(tn—l - tn—2)

(t — tn—l)(t B tn—2)

L(t) = (tn = tn-1)(tn — tn-2)

fn—? +

fn—1+ fn

Then using Simpson Rule:

/ Pt y(y))dt ~ / L)t

h t, +tn
o {L(tn) - 4L(—+2 +1) + L<tn+1):|
23 4 5
=h |:Efn - gfn—l + Efn—2:|

Therefore:
23 4 5
Yntl = Yn T N |:Efn — gfn—l + Efn—2:|
10.2 Adams-Moulton Methods

We approximate f by its interpolating at the following (m -+ 1)-nodes:

tn+1> tna tn—b BRI tn—(m—2); tn—(m—l)

This is called m-step Adams-Moulton Methods. Note that these methods are im-
plicit.

Example 203. Here are some examples:

1. Implicit/Backward Euler Method:
Yn+1l = Yn + hfn+1

2. Crank-Nicolson scheme/single-step Adams-Moulton method:

h
Yn+1 = Un + §(fn + fn+1)

5! 8 1
=y + h(— o fu
Yn+1 yn+ (12fn+1+ 12fn 12fn 1)

h
Yntl = Yn T ﬂ(gfn—i-l +19f, —5fpn-1+ fn—2)
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h
Yn+1 = 720(251fn+1 +646f, — 264 f,—1 +106f,—2 — 19fs_3)

Algorithm 204. How to derive the Adams-Moulton (AM) Method, assuming cur-
rently at ¢, 1:
Interpolating at k points:
tnsts o b1y o (o)
And get Li(t):
Then:

tn+1
Yntl = Yn + / Lk<t)dt
t’VL
Define backward difference::

Vofn-H = fnt1
an+1 \%a fn+1 -V~ fm fori=1,2,...

Then the interpolation is:

k vi ;
Li(t) =) Z,!J;le (t —tper)(t —tp) ... (t — tnis1)

=0

Then:

V' fn m
s = g + Z ot [ ) 1) )

Writing t = t,, + sh:
V't .
yn+1—yn+hz 'J;L:rl/( —1)s...(s+i—1)ds
- 0

Lr/—s+1
= yn+hz Vlfn+1/ ( ; )dS
0

Starting k = 0, then k = 1, do this inductively.

At (k + 1)-step: add the term h(—1)*T1VAFLE fol (1) ds to the k-th step method.

10.3 Explicit and Implicit Euler’s Method

Definition 205 (Explicit Euler’s Method -EEM). The iteration is
Ynt1 = Yn + hf(tna yn)

Definition 206 (Implicit Euler’s Method -IEM). The iteration is

Yn+1 = Yn + hf(tm ynJrl)
Example 207. Consider:

(t) = ax(t)
z(0) =1

The true solution is x(t) = e®. If a < 0, the z(t) decays to 0 as t — oc.
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Figure 19: Explicit Euler is not stable
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Remark 208. The explicit Euler method- EEM is not stable for fast decaying
equations. For example with a = —5, we need h < —% = 0.4. When we choose h = 0.41,
we see blow up. See figure for illustration.

The iteration is

Tpi1 = Tp +hf(tn, )
With g = 1, 2,41 = 2, + h(az,) = (1 + ha)x,. Therefore:

T, = (1+ha)" = x(t) = e

If @ <0: x(t):eat—>0zxn:(1+hoz)"i>0.
If we want z,, — 0, that is:

|1+ ha|® =0

<~ [1+ha| <1
2

—0<h<——
«

2

So we require the condition h < —%, otherwise, if h > —=, z,, / 0 and we get blow up.

Remark 209. The IEM- Implicit Euler Method is better because:
Consider the iteration:
Tpt+1 = Tn + hf(thrlu :I/'n+1)

With g =1 and 2,41 = haw,1:

1
Tyl = Tp
T ha
S S
= (1 — ha)”
Since a < 0, then:
1
— | <1< h>0
| (1 — ha) |

And this is always true. So this method is better.

Example 210. Consider:

z(o) =1

{x’(t) = \z(t)

where A = p+iv € C.
Then the solution is:

1= = ettt = e“t(cos(l/t) + 1 sin(ut))

If Re(N\) = p < 0: x(t) decays to zero as t — oco. See figure for comparison.
From the graph we see that:

1. Implicit Euler is more desirable as their stability region contains all hA where
Re(\) < 0.

2. Using explicit Euler Method, we need to choose small step size h.
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Re(hA) Re(hA)

@ Im(hA) @ Im(hA)
Stability region for explicit Euler (left) and implicit Euler (right) methods to the test problem x = Ax.

Figure 20: stability for explicit and implicit euler method

10.4 Crank-Nicolson Scheme (single-step Adams-Moulton Method)

The iteration is

h
Yn+1 = Yn + § f(thrl; :l/'rLJrl) + f(tna yn)

If f is non-linear, how to solve for ¥, 1.
Idea: use iterative methods to compute ¥, 1. There are Newton’s method and Fixed-
point Iterative Method.

Definition 211 (Newton’s Method). Introduce a nonlinear function:

h
0(5) =y~ 10+ 5 (Ftwsse) + Ft))|
Then y,,.1 is given by ®(y) = 0. From Newton method:

P(ys)

k+1 k n

y’EL—:_l):yﬁL—zl_l—(;r)l for k:O71727'--
P (yn+1

Newton’s method converges locally. Find a good initial guess y,(&)l.

Definition 212 (Fixed-point Iterative Method). Introduce the iterative function:

W) =+ 5 (Ftwsr0) + St
Find the fixed-point of W(y). The fixed-point iteration:
g — o™ ) for k=0,1,2,...
This method converges globally under certain conditions on f(¢, z).

10.5 Predictor Corrector Method

Idea: There are 2 steps:
1. Take AB (Adams-Bashforth) as a predictor.

2. Take AM (Adams-Moulton) as a corrector.
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Example 213. We can use:

1. 2-step AB Method, predictor:

N 3 1
Ynt+1 = Yn + h<§f<tnvyn) - éf(tnlvynl))

2. 2-step AB Method, corrector:

5 - 8 1
Yn+1 = Yn + h(ﬁf(tn—&-layn—l-l) + Ef(tnv Yn) — Ef(tn—la yn—1)>

We use the 7,,1 obtained from the predictor to use in the corrector.

10.6 Local Truncation Error of Multi-step Methods
Recall a general m-step method is defined by:

i=0 7=0

where the yo,y1, - .., Yrrm—1 are given. Without loss of generality, a,, = 1. The method
is explicit if b,, = 0, and it is implicit if b,, # 0 (i.e, finding yx,,, involves solving an
equation or not).

Definition 214 (local truncation error - consistent-order). The local truncation
error of the m-step general method is:

1 m m
Thrm(h) = 7 > ajyltiey) — Y bif <tk+j7 y(tk+j)>
5=0 5=0
The multistep method is consistent if:
lim |75 ()] = 0
The method is of order p if p is the largest number such that:
Tietm (h) = O(h?)

Theorem 215. A linear multistep is consistent if and only if:

Zm:aj =0, and zm:jaj = Zm:bj
j=0 j=0 J=0

The general m-step method is of order p > 1 if and only if:

ZT:U a; =0
doigd%a; =ad 07y a=1,2,...,p
Z;ﬁ:o jp+1aj #(p+1) Z;n:o JPb;

84



Proof. We get the truncation error:

1 m m
Term(h) = o D aiyltes;) — Y bjf(tk+j>y(tk+j))
=0 =0

:EZ%QQ%sz—E:@y@k+ﬂw

j=0 j=0
Taélor iv: i f: a y(m) (t )jaha—1 + iv: 1 in: by(m) (t )ja—lha—l + O(hN)
— ol =7 — (o — 1)1 &0
a= 7=0 a=1 7=0
SRS
k « e m e
= (ch) A + (Z%J —bjj la)y( J(ti)h* "+ O(RY)
7=0 a=1 7=0
1

In order for it to be consistent, we want 7 b0, 0, that is, we want the two blue terms to
be both zero:

m

Zaj =0 and zm:aj.j = ibj
=0 =0

7=0
In order for it to have order p, we want:

1. All the terms %, 1, h, h2%,..., h?~! have coefficients = 0:

h?
ZCL]‘ZO

Zjaaj = oszaflbj ;where a =1,2,...,p
j=0 =0

2. hP has coeflicient non-zero:

ij+1aj #(p+1) ijbj
=0 j=0
Which is precisely what we required in the theorem. O]

Example 216. Show that for 2-step AB method has order 2:

3 1
Ykt2 — Yrs1 =D |:§f<tk+17 Y1) — §f(tk7 Z/k)}
We use the theorem:
First note that we get ap = 0,a1 = —1,a; = 1 and by = —%,bl = %,bg =0.

So we get:
1. >a;=0+(-1)+1=0

2. Y ja; =1(~1) +2(1) =1= b= ~4 +

N[
N
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These two conditions give consistence.
Now for order 2 we see:

Loa=1: Yja; = 1=1)+2(1) = 1 = 151%; = Yb; = 3 + 2
2. a=2 Y j%a; =2 jb; =3

3. a=3: The 37 j%a; = 1(=1) +2°(1) =7 # 30 j%; = 3(L.3) = §
Therefore this has order 2.

Example 217. Show from definition that 2-step AB method has order 2:

3 1
Ykt2 — Yor1 = h §f<tk+17 Yit1) — §f(tk7yk)

Recall that 754,,(h) = O(h?). We need to check that 7445(h) = O(h?):
The definition is:

1 1

3 1
Tes2(h) = E?J(tkw) - Ey(tkﬂ) - §yl(tk+1) + §yl(tk)

Let’s compute each term in the definition and then add (combine) them together:

Fultiess) "2 Sy + 20 (6) + 29" (8) + 5% (1) + O(R)
) My t) — o (0) — S (0) — W) + O(H°)
2/ () " 04 =Sy (0) — Syl () — T3 (t6) + OU)

S/ (00 "2 0 4 Ly (1)

Add them all we get:

0 5
Trpo(h) = W +0+0h+ Eth’”(tk) + O(h?)

So it is of order 2.

11 Stability

Definition 218 (stable). A numerical method to solve IVP is stable if there is a constant
K and step size hy > 0 such that the difference between 2 solutions y; and g; to the IVP
with initial values y, and g satisfying:

lyi — Uil < K|yo — 9o| for alli =0,1,..., N
whenever h < hg and Nh < b — a.

Remark 219. Recall explicit and implicit Euler method: the Explicit method is not
stable for fast decaying equations.
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Definition 220 (characteristic polynomial). Given a multi-step of the form:

Yo = Qo Y1 = Q15 v o3 Ym—1 = Qp—1

and:
Yirl = Qo1W; + . .. + QWit1—m + b | b f(Eig1, Yicr + -+ bof (Eit1—ms Yit1-m))

We define the characteristic polynomial as:
P()\) = )\"— CLm_l/\m_1 — am_g)\m_2 — ... al/\ — Qo

Definition 221 (Root condition). A multi-step method satisfying the Root condition
if the roots A; of the associated characteristic polynomial P()) satisfying:

1. M| <1lforanyi=1,2,....,m

2. all roots with magnitude 1 are simple roots, i.e., if P(\;) = 0 and || = 1, then
P(A) #0.

Definition 222 (stability). A multi-step method with the associated characteristic
polynomial P()) is called:

1. zero-stable if it satisfying the root condition

2. strongly stable if it satisfies the root condition and P(\) has A = 1 as the only
root with magnitude one

3. weakly stable if it satisfies the root condition and P(\) has more than one distinct
roots with magnitude one

4. unstable if it does not satisfy the root condition.

Example 223. Show that the 4-th order Milne’s method

4h
Yit1 = Yi—3 T 3 2f(ti,ys) — f(tic, vio1) + 2f (tico, yi2) —
is only weakly stable. We first observe that:
Yir1 = 0y; + 0yi—1 + Oyi—2 + ly;—3
So we get our Characteristic polynomial is:

PN =X —-1
=M=+ +i)(A—1)

So we get 4 roots: A\ =1, g = =1, A3 =i, \y = —1.
The root condition is satisfied:

Loall [N\ < 1.
2. all roots with magnitude 1 are simple.

It has more than 1 distinct roots with magnitude 1, therefore it is weakly stable.
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Figure 21: Sniff equation y' = —15y

12 Stiff Equations

Definition 224 (Stiff Equation). Stiff Equation are differential equations for which
some numerical methods are unstable, unless the step size is extremely small. They are
characterized:

1. The derivative grows as t — oo while the actual solution does not grow in magni-
tude.

¢ where ¢ > 0 is large.

2. The exact solution has a fast decaying term, of the form e~
3. Different components of the IVP system evolve on different time scales.

The fast decaying part of the solution is called the transient solution, and the rest
(“more important part”) of the solution is called the steady-state solution.

Example 225. The IVP ¢/(t) = —15y fir 0 < ¢t < 0.5 and y(0) = 1 has exact solution
y(t) = e~ 15 See figure for illustration.

Example 226. The IVP is :

{y’ = -y +e " where A < 1

Then the exact solution is:

where the e~! is steady state and the ¢! is fast decaying-transient.

Definition 227 (Test IVP). The Test IVP is:

v =My, t>0, ,y(0)=a, ,A<0
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Definition 228 (region of absolute stability). The region of absolute stability R
of a method is the set:

R={hA\e€C:y, =0, as i — oo}
where the {y;} is generated b applying the method to the test IVP.
Definition 229. A method is:
1. A-stable if its region of absolute stability R contains the entire left half plane.

2. L-stable if it is A-stable and at each fixed t;, the numerical solution y; satisfy
y; — 0 as Re(\) — —oc.

Example 230. The region of absolute stability of Euler method is:

2
R:{m:|1+my<1}:h<W

To see this, we apply explicit Euler Method to the test IVP:

Vi1 = Yi + h(Ay;)
= y; = (1+h)\)'«

The exact solution is y(t) = ae*. Therefore the global error at ;:
ly(t:) —yil = [e"* = (1 + hA)']]a

If A < 0 then ¢ 2% 0. So in order to ensure that |y(t;) —y:| — 0, we need |1+hA| < 1,

which gives h < ‘—i'

Theorem 231. A one-step method y; 1 = y; + h®(t;, yi, h), which can be rewritten as
Yir1 = Q(hN)y;, has the region of absolute stability:

R={hXA e C:|Q(hN)| < 1}
Here the function Q(2) is called the stability function.

Remark 232. For the L-stability of one-step methods, y; — 0 as Re(A\) — —oo is
equivalent to |Q(hA\)| — 0 as Re(\) — —oc.

Consider a multi-step method:
Yo = @0, Y1 = Q15 - -5 Ym—1 = Om—1
and:

Yitl = Qm1Yi + ... + QYit1—m + h |:bmf(ti+17 Yir1 + -+ bof (ig1—m, yi+1—m)):|
Apply this method to test IVP:
Yitl = Q1Y + ... + QYit1—m + hA lbmywrl + ... bOyi+1m:|
= h>\y¢+1 + (am,l + hAbm,l)yz + ...+ (CLO -+ h)\bo)yi+1,m

= Wb izt + (s + WA )i i1

J=1
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Definition 233 (Stability polynomial). The Stability polynomial Q(z, h\) is:
Q(2,hA) = (1= hAby)2™ = (amj + hAbp_;) 2"

J=1

The numerical solution y; can be expressed as a linear combination of 8F with k =
1,2,...,m where [ are roots of Q(z, hA) for a fixed A. To ensure the condition |y;| — 0,
we need the region of absolute stability:

R ={hX € C: || < 1. for all zeros B of Q(z,h\)}

Example 234. The Implicit Trapezoidal method:
Yo = &

h )
Yitl = Vi + 5 |:f(ti+17yi+1) + f(ti,yz‘)], 0<ij<N-1

is A-stable but not L-stable. To see this, we apply method to test IVP:

h\ hA h\
%szr%g'wﬂ+ﬂi2-5%H+(L+§ﬁ%

The stability polynomial is then:

hA hA

Q(z,h\)=(1——)z—(1+

2 2)

The root is then:

1+ 52 24 hA
1—2 2 —nA

z =

The region of absolute stability is then:

2+ h
1
2—h)\‘< ;

R:{h)\e(C:‘

If we denote hA = a + b € C, then the inequality above is:

24 hA
2 —hA

<l<=24+a+ib| <|2—a—1ib|

= 2+a)P+b < (2—a)P+V
<= a—Re(h\) <0

Therefore it is A-stable.
On the other hand:

So it is not L-stable.
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13 Systems of First-Order IVPS

Consider the system:

vi(t) = filty, - Ym), for j=1,2,....m, t € [a,b]
yjla) =ay, for j=1,2,...,m

We introduce an m-dimensional vector function Y (¢) = [y1(t), ..., ym(t)]" : [a,b] — R™
and rewrite the above IVP system:

{Y’(t) — F(t,Y) t € [a,b]
Y(a) =«

where F(t,Y) : [a,b] x R™ — R™ a = [ay, ..., ]
All methods are the same with the case of 1 IVP.

Example 235. Let h = 0.5 and apply the Euler’s method to solve the IVP system:

( )=0
We let:
Y (1) [z;(i)} F(t.Y) = [_yfh]  Yo= H
Then:
Yi =Yy + hF(t, Yo) = H +0.5 [_01] - [_(1) 5}
and:
Yo = Vi + hF(t, Y1) {_35} +0.5 [ _015] = {027151
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